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Summary

The histogram is widely used as a simple, exploratory way of displaying data, but it is usually
not clear how to choose the number and size of the bins. We construct a confidence set of
distribution functions that optimally deal with the two main tasks of the histogram: estimating
probabilities and detecting features such as increases and modes in the distribution. We define the
essential histogram as the histogram in the confidence set with the fewest bins. Thus the essential
histogram is the simplest visualization of the data that optimally achieves the main tasks of
the histogram. The only assumption we make is that the data are independent and identically
distributed. We provide a fast algorithm for computing the essential histogram and illustrate our
method with examples.

Some key words: Histogram; Mode detection; Multi-scale testing; Optimal estimation; Significant feature.

1. Introduction

The histogram, introduced by Karl Pearson in 1895, is one of the most basic, but still most
widely used tools, for visualizing data. However, the construction of the histogram is not unique,
leaving the user considerable freedom to choose the number and locations of breakpoints;
see Freedman et al. (2007). This arbitrariness allows for radically different visual representations
of the data, and it appears that no satisfactory rule for the construction is known, as evidenced
by the large number of rules that have been proposed in the literature. In the case of equal bin
width, popular examples of rules for the number of bins are those given by Sturges (1926),
which is still the default rule in R, Scott (1979), Freedman & Diaconis (1981), Taylor (1987)
and Birgé & Rozenholc (2006). Most of these rules are derived by viewing the histogram as an
estimator of a density and choosing the number of bins to minimize an asymptotic risk estimate.
This leads to questions about the performance for small samples as well as about smoothness
assumptions that are not verifiable. Instead of having all bins of equal width, it is also common
to specify equal area of all blocks. Denby & Mallows (2009) point out that the first approach
typically leads to oversmoothing in regions of high density and is poor at identifying sharp peaks,
whereas the second approach oversmooths in regions of low density and does not identify small
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Fig. 1. Illustration of the essential histogram: (a) the empirical distribution of 900 observations from the Gaussian
mixture 0.5N (!3, 1)+ 0.5N (3, 1); (b) the essential histogram with ! = 0.1 (solid) and the true density (dashed), with
intervals of regions that contain a point of increase (dot-dash) or decrease (dotted) shown along the horizontal axis.

outlying groups of data. They advocate a compromise of these two approaches that is motivated
by regarding the histogram as an exploratory tool for identifying structure in the data such as
gaps and spikes, rather than as a density estimator, and they argue that relying on asymptotic
risk minimization may lead to inappropriate recommendations for the number of bins. This is in
line with recent findings for the regressogram (Tukey, 1961), the regression counterpart of the
histogram (Frick et al., 2014; Li et al., 2016). Here bin choice corresponds to finding locations of
constant segments, which is a different target from that of conventional risk minimization, e.g.,
of the Lp norm where p ! 1.

This paper proposes a rule for constructing a histogram that is motivated by the two main goals
of the histogram (see Freedman et al., 2007): to provide estimates of probabilities via relative
areas, and to give a display of the density that is simple but informative, i.e., having few bins, but
still showing important features of the data, such as modes.

The idea is to construct a confidence set of distribution functions such that each distribution
function in the confidence set achieves the first goal in an asymptotically optimal way. Then, to
attain the second goal, we select the simplest distribution function in the confidence set, i.e., the
one with the fewest bins, as our histogram distribution function. The resulting histogram is the
simplest one that shows important features of the data, such as increases and modes; we call this
the essential histogram. Our approach is motivated by the fact that simplicity is a key feature of
the histogram, implicit not only in the goal of having the histogram serve as an exploratory tool,
but also in the definition of the histogram as a piecewise-constant function that should capture the
major features of the data and the underlying distribution well. We show that in a large-sample
setting, each distribution function in the confidence set estimates probabilities of intervals with
a standardized simultaneous estimation error that is at most twice what is achievable and is
typically much smaller than the errors obtained from histograms constructed with traditional
rules. Likewise, we show that the distribution functions are asymptotically optimal for detecting
important features, such as increases and modes of the distribution. Thus, the above two goals
of the histogram are attained asymptotically. But one of the main benefits of our construction is
that it provides finite-sample guaranteed confidence statements about features of the data: large
increases of any histogram in the confidence set, and hence of the essential histogram, indicate
significant increases in the true density, Theorem 3. We illustrate this with an example in Fig. 1.
Our finite-sample guarantee ensures that the true density has an increase on the two dot-dash
intervals and a decrease on the two dotted intervals in Fig. 1(b), with simultaneous confidence
of at least 90%. This implies that the true density has two modes and one trough, as the plotted
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Fig. 2. Examples involving discontinuous distribution functions. The upper panels illustrate the Denby & Mallows
(2009) example with sample size n = 1000: (a) the empirical distribution function; (b) the essential histogram with
! = 0.5 (solid) and the true density (dashed), with a dot indicating the point mass "7; (c) the distribution functions of
the essential histogram (solid) and the truth (dashed). The lower panels illustrate the Geyser data example (Azzalini
& Bowman, 1990): (d) the empirical distribution function of the durations in minutes; (e) the essential histogram with

! = 0.5.

intervals are disjoint (Dümbgen & Walther, 2008). These intervals are a selection from a much
larger set of intervals of increase and decrease at all scales that the method provides; see § 3 and § 5.
Thus, we can state with 90% guaranteed finite-sample confidence that these modes or troughs are
really there in the underlying population. Such confidence statements are valuable enhancements
of the essential histogram as an exploratory tool. Our method can be used in conjunction with
any other histogram to obtain confidence statements for justifying or questioning the modes that
the histogram suggests; see § 6.2. Indeed, the only parameter of the essential histogram is the
significance level !. One should set ! to 0.1 or even smaller if confidence statements are to be
made, whereas one can take ! = 0.9 if the goal is to explore the data for potential features with
tolerance to false positives. As a trade-off, we recommend ! = 0.5 as the default significance
level.

The essential histogram is fairly general, since we make no assumption on F . In particular,
it also applies to distributions with discrete components, which are common in real datasets
(see, e.g., Unwin, 2015). Figure 2 gives two illustrative examples: one is the example in Denby
& Mallows (2009, Fig. 4), which is a mixture of three distributions, 0.775 N (0, 1) + 0.15 "7 +
0.075 Un(0, 10); the other consists of the time durations in the geyser dataset of Azzalini & Bow-
man (1990). As can be seen, the essential histogram estimates the probability of both continuous
and discrete components over all scales rather well, and it reveals the true shape of the underlying
distribution functions.

The construction of the confidence set is based on the multi-scale likelihood ratio test intro-
duced by Rivera & Walther (2013), and we show here that this test results in the optimal detection
of certain features in the data. Frick et al. (2014) employed such a multi-scale likelihood ratio test
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350 H. Li et al.

for inference on changepoints in a regression setting, and they used the idea of selecting the func-
tion in the confidence set that has the fewest jumps. In the context of the histogram, this approach
produces breakpoints only at locations where the evidence in the data requires them in order to
show significant features and to provide good probability estimates. Hence the method will not
put any breakpoints in regions where the density is close to being flat. This built-in parsimony
is what one would expect from an automatic method of constructing a histogram; see also the
comments about open research problems in Denby & Mallows (2009). The taut-string method of
Davies & Kovac (2004) can be interpreted as producing a histogram that has the smallest number
of modes within a confidence ball given by the periodic Kolmogorov metric, although the result
does not meet the first goal of a histogram. It is known that the Kolmogorov metric will not result
in good probability estimates for intervals unless they have large probability content (Dümbgen
& Wellner, 2014). This procedure does not aim at parsimony of bins and will typically produce
many more bins than the essential histogram, though often providing visually appealing solutions
and estimating the number of modes well (see § 6), while the essential histogram automatically
yields parsimony of bins and hence also of modes as explained above.

2. A confidence set for the distribution function

The empirical distribution function Fn of n independent and identically distributed univariate
observations X1, . . . , Xn is in a certain sense an optimal estimator of the underlying distribution
function F ; see Dvoretzky et al. (1956). While it is straightforward to convert Fn into a histogram
distribution function (see Shorack & Wellner, 1986, p. 86), the resulting histogram with n break-
points at the observations will generally not be useful for visualization of the data, as it is much
too rough. The premise of this paper is that it is usually possible to remove a large proportion of
these breakpoints, and still have an estimator that is just as good as Fn for estimating probabilities
F(I ) =

!
I dF of arbitrary intervals I . This is clearly plausible for local stretches where F has a

density that is flat, but we will show that for more general F it is also typically possible to reduce
the number of breakpoints considerably without incurring a significant error in estimating F(I )
or loss of power for detecting important features of F . This motivates our proposal to construct
a histogram by choosing the histogram distribution function with the fewest breakpoints that is
still optimal for the latter tasks. As the resulting histogram will typically be parsimonious, this
construction achieves the goal of providing a simple visualization of the data that is optimally
suited to the inferential and exploratory purposes of histograms.

The first step in this construction consists of deriving a confidence set of distribution functions
that have the same performance as Fn in estimating probabilities F(I ). The idea is to apply certain
likelihood ratio tests on a judiciously chosen set of intervals and then invert this family of tests,
i.e., define a (1 ! !)-confidence region for F as those distribution functions that pass the totality
of these tests:

Cn(!) =
"

distribution function H :
#
2 logLRn{H (I ), Fn(I )}

$1/2

" #{Fn(I )} + $n(!) for all I " J
%

. (1)

Here

logLRn{H (I ), Fn(I )} = nFn(I ) log
&

Fn(I )
H (I )

'
+ n{1 ! Fn(I )} log

&
1 ! Fn(I )
1 ! H (I )

'
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is the loglikelihood ratio statistic for testing F(I ) = H (I ),

#{Fn(I )} =
(

2 log
)

e
Fn(I ){1 ! Fn(I )}

*+1/2

(2)

is the scale penalty, and $n(!) is the (1 ! !)-quantile of the distribution of

Tn = max
I"J

,#
2 logLRn{F(I ), Fn(I )}

$1/2 ! #{Fn(I )}
-

, (3)

where J is a collection of intervals,

J =
lmax.

l=2

J (l), lmax =
/

log2
n

log n

0

J (l) =
1
(X(j), X(k)] : j, k " {1 + idl , i " N0} # D, ml < k ! j " 2ml

2
,

(4)

with

ml = n 2!l , dl =
3 ml

6l1/2

4
, D = {i : X(i) |= X(i+1)}.

This collection of intervals was introduced in Walther (2010) to approximate the collection
of all intervals on the line in a computationally efficient manner; Rivera & Walther (2013)
showed that the above multi-scale likelihood ratio statistic can be computed in O(n log n)
steps, while the collection is still rich enough to guarantee optimal detection in certain scan-
ning problems. In § 4 we show that every H " Cn(!) has the same asymptotic estimation
error as Fn for probabilities F(I ). Moreover, we show in § 5 that every H " Cn(!) is opti-
mal for the detection of certain features which are relevant for the exploratory purpose of the
histogram. In particular, these optimality properties hold for the parsimonious histogram distri-
bution function that we compute in § 3 in the second step of our construction of the essential
histogram.

3. Computing the essential histogram

3.1. Computationally feasible relaxation
For a given partition of the real line into intervals I0, I1, . . . , IK , we define the histogram of F as

the density h(x) = 5K
i=0 F(Ii)1Ii(x)/ |Ii|, where |Ii| is the Lebesgue measure of Ii. The histogram

h can be recovered from its distribution function H as the left-hand derivative of H . In the second
step of our construction we will find a histogram in Cn(!) of (1) with the smallest number of
bins. This computation requires the solution of a nonconvex combinatorial optimization problem
and is practically infeasible for most real-world applications. However, it is possible to compute
the exact solution of a slight relaxation, still nonconvex, of the original optimization problem in
almost linear run-time; see § 3.2 and the Supplementary Material. This optimization problem is

minimize Nbin(H ) subject to H " C̃n(!). (5)

Here C̃n(!) is the superset of the histogram distribution functions in Cn(!) that results if one
evaluates the likelihood ratio tests only on those intervals where the candidate density is constant,
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352 H. Li et al.

C̃n(!) =
"

histogram distribution function H :
#
2 logLRn{H (I ), Fn(I )}

$1/2 " #{Fn(I )} + $n(!)

for each I " J where the left-hand derivative H $ is constant
%

, (6)

and Nbin(H ) is the number of bins of the density of H . In general, solutions to (5) are not unique. In
that case we will pick Ĥ with density ĥ = 5K

k=0 |Ik |!1Fn(Ik)1Ik , which maximizes the following
negative entropy, up to a factor of n:

K6

k=0

nFn(Ik) log
&

Fn(Ik)

|Ik |

'
.

This is the loglikelihood if we assume that the data are distributed according to Ĥ . Thus, among
all solutions of (5) we select the one that explains the data best in terms of likelihood. We refer
to this solution as the essential histogram.

Since C̃n(!) is a superset of the histogram distribution functions in Cn(!), the minimization
problem (5) over histogram distribution functions H " C̃n(!) will result in a solution that
may have fewer bins than the minimizer over Cn(!), which is a beneficial side effect. In turn,
C̃n(!) involves fewer goodness-of-fit constraints, which may lead to some loss of efficiency
in inference. In what follows, the theoretical results and the simulations show that this loss is
not significant. Moreover, such computational relaxation still allows us to derive guaranteed
finite-sample confidence statements about certain features of the distribution.

3.2. Numerical computation
For brevity, we focus on the main ideas here and defer the technical details to the Supplementary

Material. The implementation of the numerics is provided in the R (R Development Core Team,
2020) package essHist, available on CRAN.

Computation of the threshold $n(!) in (1) is done in the following way. In the case of continuous
F , the distribution of Tn is independent of F , so $n(!) can be determined by taking F to be, say, the
uniform distribution, which leads to a confidence level that is exact at 1 ! !. In the general case,
where F can be discontinuous, the distribution of Tn may depend on the unknown F . However,
it is always stochastically bounded from above by a universal distribution, defined via a slight
variant of Tn with F being uniform. In particular, this implies that there exists some $%

n (!) such
that $n(!) " $%

n (!) and supn $%
n (!) < &; see Lemma S2 in the Supplementary Material. This

ensures that if one uses $%
n (!) instead of $n(!) as the threshold in (1), the confidence level is

always at least 1!!, and all our theoretical results remain valid. The choice of $%
n (!), as compared

to $n(!), makes the inference slightly conservative, but this is not consequential for the empirical
performance of the essential histogram. In practice, we will choose $%

n (!) as the threshold in (1)
when there are tied observations; otherwise, we treat F as continuous and estimate the threshold
$n(!) by letting F be uniform. In all the experiments in this paper, $n(!) or $%

n (!) is estimated
by 5000 Monte Carlo simulations, which needs to be done only once for a fixed sample size n
and can be approximated for large n.

Computation of the essential histogram proceeds as follows. We denote by X(1), . . . , X(n) the
order statistics of the observations X1, . . . , Xn. We treat each X(i) as a node in a graph and define
the edge length between nodes X(i) and X(j) to be the minimal number of blocks of a step function
on (X(i), X(j)] that satisfies the multi-scale constraint (6). Then the computation of the essential
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histogram involves finding the shortest path between X(1) and X(n), which can be computed
exactly using dynamic programming algorithms (see, e.g., Dijkstra, 1959) with computation
complexity O(n3). To improve computational speed, we exploit an accelerated dynamic program
by incorporating pruning ideas (see, e.g., Killick et al., 2012; Frick et al., 2014; Hocking et al.,
2017; Maidstone et al., 2017). The constraint that the estimator itself should be a histogram
is incorporated into the dynamic programming algorithm. The resulting accelerated dynamic
program is significantly faster than the standard dynamic program, and most of the time it has
nearly linear computational complexity in terms of sample size, with the worst-case computational
complexity being quadratic up to a log factor, which happens very rarely. This is confirmed
by its empirical time complexity, which is almost linear. Moreover, the memory complexity is
always O(n).

4. Optimal estimation of probabilities

For ease of exposition, we assume here and in § 5 that the underlying distribution function F is
continuous. We stress, however, that our method is designed to be able to deal with arbitrary and
possibly discontinuous F . Recall that the distribution of Tn under any F is stochastically bounded
from above by a universal distribution. Hence, the theoretical guarantees in Theorems 2, 3 and
5 carry over to any discontinuous F with natural modifications, and so does the upper bound in
the first part of Theorem 1. In contrast, the lower bounds, in the second part of Theorem 1 and in
Theorems 4 and S1, require the assumption of continuity on F in order to distinguish them from,
for instance, the purely deterministic case. Some further optimality results and all the proofs are
given in the Supplementary Material.

We now investigate how well H " Cn(!) performs with regard to the first goal of the histogram,
namely estimating probabilities F(I ) for intervals I . To this end, for probabilities of size p " (0, 1),
we introduce the simultaneous standardized estimation error of H :

dp(F , H ) = sup
intervals I : F(I )=p

|H (I ) ! p|
{p(1 ! p)}1/2 . (7)

Note that dp(F , H ) = d1!p(F , H ). Therefore, it suffices to consider p " (0, 1/2] for dp(F , H ).
The first result establishes a benchmark for this task by deriving the performance of the

empirical distribution function Fn. It shows that dp(F , Fn) is very close to {2 log(e/pn)/n}1/2.

Theorem 1. For Bn ' & arbitrarily slowly as n ' &, we have that uniformly in F,

prF

7

n1/2 dp(F , Fn) "
(

2 log
e
p

+1/2

+ Bn for all p "
8

log2 n
n

,
1
2

9:

' 1.

Furthermore, if pn ! n!1log2 n and pn ' 0, then uniformly in F,

prF

7

n1/2 dpn(F , Fn) !
(

2 log
e
pn

+1/2

! Bn

:

' 1.

In fact, no estimator can improve on the {2 log(e/pn)/n}1/2 bound, as explained in the proof of
Theorem 1. Thus, Fn provides an optimal estimator for the collection {F(I )}I . The next theorem
shows that the distribution functions H " Cn(!) nearly match this performance. The first part
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354 H. Li et al.

says that if Hn is a fixed sequence of distribution functions such that dpn(F , Hn) is slightly larger
than this bound, then with high probability Hn (" Cn(!). However, since we optimize over Cn(!)
to find the simplest H " Cn(!), we need to bound the worst-case estimation error over all
H " Cn(!). The second part of Theorem 2 shows that this worst-case error is at most twice the
optimal bound. One can readily check that Theorem 2 holds also with C̃n(!) in place of Cn(!) if
in the definition of dp(F , H ) we only consider intervals I where the density of H is constant.

Theorem 2. Let Bn ' & and %n = Bn{log(e/pn})!1/2. Then for pn " (n!1log2 n, 1/2) we
have that uniformly in F,

sup
H : dpn (F , H )>(1+%n)

,
2
n log e

pn

-1/2
prF{H " Cn(!)} ' 0.

Moreover, uniformly in F,

prF

7

dpn(F , H ) > (2 + %n)

(
2
n

log
e
pn

+1/2

for some H " Cn(!), pn "
;

log2 n
n

,
1
2

<:

' 0.

The loss of a factor of 2 is not consequential when compared to popular histogram rules:
Proposition 1 gives the performance of a histogram that uses kn equally sized bins. If one chooses
kn ) n1/3 bins as recommended by the common rules in the literature, then n1/2dpn(F , Hn) blows
up at the rate of n1/3 for some quite typical continuous F and pn = (4kn)

!1, while the benchmark
given by Fn and the worst-case error over H " Cn(!) grow very slowly at a rate of (log n)1/2. A
similar result is obtained if one uses bins with equal probability content.

Proposition 1. Let Hn denote the distribution function of a histogram that partitions [0, 1]
into kn equally sized bins. Then there is a continuous F such that for pn = (4kn)

!1 and odd kn,

n1/2 dpn(F , Hn) ! 1
2
(npn)

1/2.

If one is willing to make higher-order smoothness assumptions on F , then it can be shown that
the performance of these common histogram rules gets much closer to the benchmark. One key
advantage of our proposed histogram is that it essentially attains the benchmark in every case by
automatically adapting to the local smoothness. At the same time, some H in Cn(!) will typically
have many fewer bins than the n produced by Fn: if the underlying density is locally close to flat,
then the multi-scale likelihood ratio test will not exclude a candidate H that has no breakpoints
in that local region. Thus the H " Cn(!) with the fewest bins gives a simple visualization of the
data while still guaranteeing essentially optimal estimation of {F(I )}I .

The optimality results for estimating F(I ) in Theorem 2 and in Theorem S1 of the
Supplementary Material carry over to estimating the average density f̄ (I ) = F(I )/|I | if one
simply divides the inequalities by |I |; see § 5. The construction of Cn(!) via the loglikeli-
hood ratio statistic logLRn{H (I ), Fn(I )} rather than, say, the standardized binomial statistic
n1/2|H (I ) ! Fn(I )| [H (I ){1 ! H (I )}]!1/2 is crucial for these optimality results; see the discus-
sion in the Supplementary Material. That section also shows that Cn(!) is an optimal confidence
region for F when dp(F , H ) is interpreted as a distance between F and H .
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5. Optimal detection of features

Besides estimating probabilities, another important purpose of a histogram is to show impor-
tant features of the distribution, such as increases or modes of the density. An important aspect
of the essential histogram is that the significance level of the confidence set C̃n(!) automatically
carries over to certain features of the essential histogram, thus making it possible to give finite-
sample confidence statements about features of f̄ (I ) = F(I )/ |I |, which provides a measure
of the average density over I without any smoothness assumptions on F . This is a noteworthy
advantage of the essential histogram that is not shared by many other histogram rules. Such confi-
dence statements about features of f̄ can be derived from the following simultaneous confidence
statement about f̄ .

Theorem 3. Let cn(I ) = #{Fn(I )} + $n(!) with #{Fn(I )} as in (2), and let

rn(I ) = 2cn(I )
|I |

;)
Fn(I ){1 ! Fn(I )}

n

*1/2

+ cn(I )
2n

<

.

Then with confidence of at least 1 ! !,
==f̄ (I ) ! h̄(I )

== " rn(I ) (8)

simultaneously for all I " J and all H " C̃n(!) with density h constant on I .

This simultaneous confidence statement can be used, for example, to establish finite-sample
lower confidence bounds on the number of modes and troughs of f̄ . It follows from (8) that with
confidence of at least 1 ! !, f̄ (I ) ! f̄ (J ) must have the same sign as h̄(I ) ! h̄(J ) whenever
|h̄(I ) ! h̄(J )| ! rn(I ) + rn(J ). Therefore, if one can find intervals I1 < J1 " I2 < J2 " · · · "
Im < Jm, where the inequalities are understood elementwise, such that (!1)k+1{h̄(Ik)! h̄(Jk)} >
rn(Ik) + rn(Jk) for k = 1, . . . , m, then one can conclude with confidence of at least 1 ! ! that
(!1)k+1{f̄ (Ik) ! f̄ (Jk)} > 0, and hence that f̄ has at least *m/2+ + 1 modes and *m/2+ troughs.
If F has density f , then f̄ (I ) ! f̄ (J ) > 0 implies f (x) > f (y) for some x " I and y " J , so this
confidence bound then applies to the density f as well. See Fig. 1 for an illustration.

We now show that the essential histogram is even optimal in reproducing such increases and
decreases, in the sense that it will show an increase if the size of the increase in the underlying
distribution is just above the threshold below which detection is asymptotically not possible. Since
we are considering general distribution functions F and do not want to make any smoothness
assumptions, we will quantify the size of an increase via f̄ . We consider a set In(c) of distribution
functions that have an increase in f̄ of size parameterized by c > 0:

In(c) =
&

F : there exist disjoint intervals I1 < I2 such that
log2 n

n
< F(Ii) " pn for i = 1, 2

and f̄ (I2) ! f̄ (I1) > c
26

i=1

#
2F(Ii){1 ! F(Ii)} log e

F(Ii)

$1/2

n1/2|Ii|

'
, (9)

where pn " (2n!1log2 n, 1/2) is any given sequence, which for simplicity we omit from the
notation In(c) = In(c, pn). Theorem 4 shows that it is not possible to reliably detect an increase
in f̄ if F " In(1 ! %n) with %n , 0 slowly enough, as no test to this effect can have nontrivial
asymptotic power. In contrast, the first part of Theorem 5 says that with asymptotic probability 1,
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the essential histogram will show the increase if F " In(1 + %n). This result clearly also applies
to the simultaneous reproduction of a finite number of increases/decreases and hence to the
reproduction of modes. Thus the essential histogram has the desirable property that it will show
increases and modes of f̄ once the evidence in the data is strong enough to make the detection of
these features possible in principle. Conversely, one needs to keep in mind that the presence of a
feature such as an increase in the essential histogram does not automatically imply that the feature
is present in f̄ ; such an inferential confidence statement requires that the essential histogram show
an increase that exceeds a certain size, as detailed in Theorem 3 and the subsequent exposition.
The second part of Theorem 5 tells us that this condition is met if F " In(3 + %n), losing only
a factor of 3 on the optimal bound. This mirrors the result on the estimation of probabilities in
Theorem 2, where a similar loss was found not to be consequential. Therefore, not only does the
essential histogram have the advantage that it can provide confidence statements about certain
features of f̄ , but when used as such an inferential tool it is even rate-optimal.

Theorem 4. Let X1, . . . , Xn be independent samples from F, and write X = (X1, . . . , Xn).
Assume &n(X ) is any test with level ! " (0, 1) under the null hypothesis H0 : f̄ is nonincreasing in
the sense that f̄ (I1) ! f̄ (I2) for all disjoint intervals I1 < I2. If %n " (0, 1) with %n(log e/pn)

1/2 '
&, then

inf
F"In(1!%n)

EF&n(X ) = ! + o(1).

Theorem 5. If %n > 0 with %n(log e/pn)
1/2 ' &, then

inf
F"In(1+%n)

prF

"
every H " C̃n(!) whose density H $ is constant on I1 and I2

has a point of increase of H $ in the convex hull of (I1 - I2)
%

' 1.

If %n > 0 with %n(log e/pn)
1/2 ' &, then

inf
F"In(3+%n)

prF

"
for every H " C̃n(!) whose density H $ is constant on I1 and I2,

the confidence statement (8) allows one to conclude f̄ (I2) > f̄ (I1)
%

' 1.

Furthermore, in the case where the underlying distribution is itself a histogram, i.e., has a
piecewise-constant density, we have explicit control on the number of modes.

Theorem 6. Assume that the distribution function F has a piecewise-constant density f =5K
k=0 ck1('k ,'k+1], with !& < '0 < · · · < 'K+1 < &. Then the essential histogram h with the

distribution function H in (5) controls overestimation of the number of bins:

sup
F

prF
1
Nbin(H ) > Nbin(F)

2
" !.

Furthermore, let

( . ( (f ) = )f min{* f , +f } (10)

with * f = mink ck , )f = mink('k!'k!1) and +f = mink
==ck ! ck!1

==, and assume that !n # n!,

for some , > 0 and that (n . ( (fn) ! c(log n/n)1/2 for some small enough c = c(,) and a
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sequence of piecewise-constant densities {fn}n!1 with distribution functions {Fn}n!1. Then, for
some generic constant C, the essential histogram h controls underestimation of the number of
bins,

prFn

1
Nbin(Hn) < Nbin(Fn)

2
" CKn exp(!Cn( 2

n ) (n ! n0),

and controls the number of modes and troughs,

prFn

>
hn and fn have the same number of modes and troughs

?

! 1 ! !n ! CKn exp(!Cn( 2
n ) (n ! n0).

In Theorem 6, the constants c, C and n0 are known explicitly; see Proposition S1 in the
Supplementary Material. Therefore, a sufficient condition for the consistent estimation of the
number of bins, modes and troughs is

(n # bn + (log Kn)
1/2 + (log n)1/2

n1/2

for some bn ' &, which can be arbitrarily slow. Further, we stress that ( in (10) quantifies the
underlying difficulty in estimating the numbers of modes and troughs and the number of bins.

6. Simulation study

6.1. Comparison study
In this section we consider various simulation scenarios that reflect a range of difficulties in

density estimation and data exploration. For comparison, we include the classical histograms
with bins of equal width (Pearson, 1895) or blocks of equal area (Scott, 1992), as well as a
more recent multi-scale density estimator proposed by Davies & Kovac (2004). The number of
bins for the classical histograms is selected by the rule of Sturges (1926), the default in R, and
the asymptotically optimal rule of Scott (1992). Both are computed with the built-in R function
hist. The Davies–Kovac estimator has a similar flavour to the essential histogram, defined as
a solution to a variational problem under a certain multi-scale constraint, but it computes only
an approximate solution using taut strings together with some heuristic adjustments, such as
local squeezing, so it is difficult to make statistical error guarantees or confidence statements. It
is computed using the function pmden with default parameters in the R package ftnonpar,
available on CRAN. We report only visual results here; detailed comparisons in terms of mean
integrated squared error, skewness, and number of modes can be found in the Supplementary
Material.

Scenario 1: Uniform density. Observations are from the uniform distribution Un(0, 1). The
results of the comparison are shown in Fig. 3 and the Supplementary Material. The essential
histogram performs best with small significance levels, ! " 0.5, recovering the true density
almost perfectly, whereas with large !, such as ! = 0.9, like the Davies–Kovac estimator it tends
to include false bins. In sharp contrast, the classical histograms perform worst overall and have
many false bins {Nbin(F̂) ! Nbin(F)} and hence false modes, and the performance becomes even
worse as the sample size increases.

Scenario 2: Monotone density. Figure 4 and the Supplementary Material show results for the
exponential distribution with unit mean. The essential histogram is better than the other methods
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Fig. 3. Uniform density: (a) the empirical distribution function; (b), (c), (d) the essential histograms with ! =
0.1, 0.5, 0.9, respectively; (e), (f) the histograms with bins of equal width selected using the rules of Sturges (1926) and
Scott (1992); (g) the histogram with blocks of equal area according to the rule of Scott (1992); (h) the Davies–Kovac

estimator. In each panel, the true density is represented by a dashed line and the sample size is n = 500.
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Fig. 4. Exponential density: see Fig. 3 for the descriptions of panels (a)–(h). The sample size is n = 500.

from both density estimation and feature detection perspectives, while requiring the fewest bins,
which eases the interpretation of the data. The Davies–Kovac estimator performs similarly well,
but sometimes distorts the true shape, as with the artificial spike in Fig. 4(h). As in the previous
example, the classical histograms are less competitive and tend to include more false modes as
the sample size increases. The comparison results on other monotone densities, not shown, are
similar to this example.

Scenario 3: Histogram density. The distribution in this example is

1
4Un(0, 2) + 1

8Un(0.75, 1.25) + 1
8Un(2.975, 3.025) + 1

2Un(4, 6),
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Fig. 5. Histogram density: see Fig. 3 for the descriptions of panels (a)–(d) and (f)–(h); panel (e) shows the true density.
The sample size is n = 800.

which consists of three different regions: an ordinary one-mode region, a sharp-spike region, and
a flat region. The results of the comparison are given in Fig. 5 and in the Supplementary Material.
The essential histogram with a wide range of significance levels performs substantially better
than all the other methods. It recovers all three regions of the true density fairly well and greatly
outperforms the other methods with respect to detection of the correct number of bins, which
confirms the theoretical finding in Theorem 6. For a fixed sample size, the essential histogram
tends to introduce slightly more false bins and slightly more false modes at larger significance
levels !. By contrast, the Davies–Kovac estimator often noticeably overestimates the height of the
spike and introduces many distinct modes in the one-mode and flat regions. Its ability to identify
the true number of modes first improves, but then deteriorates as the sample size increases. The
classical histograms again perform worst and seriously flatten the central spike.

Scenario 4: Claw density. The results of the comparison on the claw density from Marron
& Wand (1992) are shown in Figs. 6 and 7 and in the Supplementary Material. The essential
histogram performs well in terms of both mode detection and density estimation for large sample
sizes n or at high significance levels !. For a fixed n, it recovers more details of the density from
the data as ! increases, at the expense of statistical confidence. This illustrates the usefulness of
the essential histogram as a potential exploratory tool for the analysis of data, and we suggest
viewing the nominal level ! as a screening parameter. A small ! provides reliable confidence
statements in Theorems 3 and 5; a large ! typically leads to better recovery, such as in mode
detection. For a fixed !, the performance of the essential histogram improves as n increases, which
supports the theoretical finding in Theorem 5. Also, the essential histogram needs the fewest bins
to detect the correct number of modes. Empirically, solutions in a range of ! between 0.5 and
0.9 always look very similar, see Fig. 6, revealing a certain stability if estimation is the primary
goal. Moreover, the essential histogram recovers the shape of the truth in such a reliable way that
the skewness of the estimated histograms almost coincides with that of the truth. The Davies–
Kovac estimator is among the best for mode detection, but it slowly starts to include more false
modes as n increases. It does not perform as well in estimating the height of each mode, and the
number of bins within each peak varies to a great extent; see Fig. 6(h). The latter behaviour could
lead to misinterpretation of the data; for example, one might wrongly infer that the peaks are of
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Fig. 6. Claw density: see Fig. 3 for the descriptions of panels (a)–(h). The sample size is n = 1500.
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Fig. 7. Computation time, averaged over 500 runs, in the claw density example on a laptop computer with a single
3.3 GHz processor, two cores and 8 GB of memory, comparing the classical histograms (solid), the Davies–Kovac

estimator (dashed) and the essential histogram (dotted).

completely different shape. In addition, the Davies–Kovac estimator gives the largest number of
bins among all the methods, which further complicates interpretation of the data. For the classical
histograms, Scott’s rule is better than the rule of Sturges in terms of both mode detection and
skewness preservation, but it tends to report more modes, both true and false, as n increases. The
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Fig. 8. Harp density: see Fig. 3 for the descriptions of panels (a)–(h). The sample size is n = 800.

equal-bin-width histogram gives better estimation in the tail region, with low density, while the
equal-block-area histogram is superior in the central region, with high density. With respect to
computation time, the essential histogram is the slowest while still being affordable; for example,
it takes only around 1 second for 3000 observations; see Fig. 7. It appears that the computation
time is of the same order for all the methods, that is, linearly increasing in n.

Scenario 5: Harp density. This example considers the Gaussian mixture density 0.2N (0, 0.5)+
0.2N (5, 1)+0.2N (15, 2)+0.2N (30, 4)+0.2N (60, 8), termed the harp density due to the resem-
blance of its shape to a harp; see Fig. 8. It has modes at several scales, which are increasingly
more difficult to detect from left to right. The results of the comparison are shown in Fig. 8 and
in the Supplementary Material. The essential histogram with various significance levels ! is the
best overall at recovering the shape of the true density, as can be seen in Fig. 8(b)–(d), and it is
also quantitatively the best at reproducing the skewness. Concerning mode detection, the essen-
tial histogram with larger ! usually performs better, at the expense of lower confidence about
the inference. For large sample sizes, n ! 1500, the essential histogram with different ! will
eventually identify the correct number of modes. Further, the essential histogram outperforms all
the other methods in terms of estimation error measured by the Kolmogorov metric, and is only
slightly worse than the Davies–Kovac estimator in terms of the mean integrated squared error.
The Davies–Kovac estimator is again the best at mode detection, but it has a tendency to bias the
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Fig. 9. Cauchy density: see Fig. 3 for the descriptions of panels (a)–(h). The sample size is n = 300.

exact shapes and locations of modes; see, for instance, the local maxima near 30 in Fig. 8(h);
it also significantly underestimates the skewness of the truth. The classical histograms are gen-
erally less competitive; visually, the equal-bin-width histograms perform better in the region
[40, 60], while the equal-block-area histogram is better in [0, 40]; see Fig. 8(e)–(g). Moreover,
the equal-block-area histogram is preferred for mode detection and lowering estimation error, but
the equal-bin-width histogram is more favourable for skewness preservation. This dilemma in
deciding between these two types of histogram reflects the underlying difficulty of the problem.

Scenario 6: Heavy tails. This comparison is performed on the standard Cauchy density
f (x) = 1/{-(1 + x2)}, a typical density with heavy tails. The results are shown in Fig. 9 and
in the Supplementary Material. Overall, the essential histogram and the Davies–Kovac estima-
tor outperform the classical histograms. Both perform almost perfectly in mode detection. For
density estimation, the essential histogram recovers the truth quite well with only a few bins,
while the Davies–Kovac estimator tends to include many unnecessary slim bins and sometimes
overestimates the peak of the truth. Further, the essential histogram is most robust against out-
liers, as indicated by the little changes in the number of bins. The classical histogram with bins
of equal width detects the major features, but can substantially overestimate the true peak. By
contrast, the classical histogram with blocks of equal area completely distorts the shape of the
truth, although it still identifies the correct number of modes with moderate frequency.

6.2. Multi-scale constraint as an evaluation tool
The multi-scale constraint C̃n(!) in (5) can be helpful if used with any histogram estimator µ̂ as

an evaluation tool. For example, for each I in J on which µ̂ is constant, we can check whether the
corresponding local constraint [2 logLRn{

!
I µ̂(x) dx, Fn(I )}]1/2 ! #{Fn(I )} " $n(!) is fulfilled.

The collection of all intervals where the local constraints are violated shows whether and where
µ̂ misses important features, i.e., false negatives. Further, C̃n(!) can be used to find superfluous
breakpoints, i.e., false positives. To this end, we consider whether merging two nearby estimated
segments will still satisfy C̃n(!). If so, the breakpoint there is said to be removable. Although
the removable breakpoints cannot all be removed simultaneously, any subcollection of remov-
able breakpoints such that any two are not endpoints of a common segment are simultaneously
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Fig. 10. Evaluation for the harp example: (a) the equal-bin-width histogram with Scott’s rule; (b) the Davies–Kovac
estimator. In each panel, the sample size is n = 103 and the truth is represented by a dashed line; the lower part shows
intervals where violation of local constraints occurs. The grey-scale bars in panel (a) summarize the violations of local
constraints, with the darkness indicating the number of violation intervals covering a location. The short vertical lines

mark removable breakpoints.

removable. The evaluation in terms of violation intervals and removable breakpoints is simulta-
neously valid with confidence 1 ! !; see Theorems 3 and 5. An example is shown in Fig. 10:
the classical histogram recovers modes of medium size well, but it misses the spiky modes and
reports redundant breakpoints for the widely spread modes; the Davies–Kovac estimator, on the
other hand, has no violation intervals and hence misses no modes, but it gives many unnecessary
breakpoints.
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implements the proposed method.
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