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Abstract

The Hausdorff distance between a compact convex set K = R? and random sets
K =R? is studied. Basic inequalities are derived for the case of K being a convex
subset of K. If applied to special sequences of such random sets, these inequalities
yield rates of almost sure convergence. With the help of duality considerations these
results are extended to the case of K being the intersection of a random family of
halfspaces containing K.
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1. Introduction

Let K be a convex compact set in R? with non-empty interior. The following two
types of problem have been studied extensively.

I: How closely is K approximated by the convex hull conv (Z) of a random subset
Z of K?

II: How closely is K approximated by the intersection N 3 H of a random family
& of halfspaces containing K?

The reader is referred to the very informative reviews of Schneider (1988) and Weil
and Wieacker (1993). A typical example for Z in Problem I is {X;, X5, - - -, X,,} with
independent, identically distributed random points X;, X5, X3, - - - € K. Problem II
arises in the reconstruction of K from projections onto random lower-dimensional
subspaces, e.g. Small (1991). Numerous results for both problems have been
obtained under the special assumption that K either is a polytope or has sufficiently
smooth boundary 6K. In many cases the approximation error is measured by
Lebesgue measure of the symmetric difference KAR, where K stands for conv (Z)
or Npy.%H. Another interesting quantity is the Hausdorff distance du(K, R), but
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this is technically more difficult and most known results are for dimension d =2
only. An exception is Barany (1989); see also Section 2.

In what follows we investigate the Hausdorff distance dyy(K, K) in an arbitrary
dimension d and for arbitrary K, i.e. dK is allowed to have vertices and flat spots.
Theorem 1 in Section 2 gives basic inequalities for Problem I. These inequalities are
applied to various special sequences of random sets. For instance, let the random
points X; be uniformly distributed on dK. Then with probability one,

O((logn/n)"“~Y) in general,

du(K; conv ({X', X, -+, Xu})) = {O((logn/n)z’("'l)) if 8K is smooth.

With the help of duality considerations it is shown in Section 3 that Problems I
and II are equivalent in some sense. The results of Section 2 are then extended to
Problem II. For example, if K is reconstructed from its orthographic shadows in n
independent, uniformly distributed directions, the approximation error is of order
O(log n/n) in general and O((log n/n)?) if oK is strictly curved.

All proofs are deferred to Section 4.

2. Various results for Problem I

Let R? be equipped with the standard inner product (-, -) and Euclidean norm ||.
For x e R? and M cR? define d(x, M):=inf,,_, |x — m|. Further let B(M, €):=
{y e R?:d(y, M) = €} and B(x, £):= B({x}, €). Then the Hausdorff distance between
M and L c R? is defined as

duy(L, M):=inf{e >0:M < B(L, €) and L =« B(M, ¢)}.

There are some elementary inequalities for dy(K, conv(Z)) in terms of the
function #(K, Z, €):=sup,..x P{B(x,e)NZ =} and the packing numbers
D(K, &):=max {#(F):F c 4K, |x — y| > € for different x,y € F} of 6K. (#(.) denotes
cardinality.) Covering 9K with closed balls is more convenient than the ‘cap
coverings’ used by Barany (1989) and allows for similar results with simple
additional considerations. We call 0K ‘smooth’ if the following condition is satisfied.

Condition (S). For each x € dK there is a unique 0(x) € 0B(0,1) such that
(y, 0(x))=(x, 8(x)) for all y e K, and for some constant l e R, |0(x)— 0(y)| =
lix —y|Vx,y € 0K.

Theorem 1 [a). For arbitrary € >0, P{oK ¢ B(Z, 2¢e)} = D(K, €)n(K, Z, ¢).
[b] For 6 >0 let Zs be any subset of K such that 3K < B(Zs, 8). Then

6 in general,

dy(K, V4 é{
u(K, conv (Z;)) 182 if (S) holds and Zs < oK.

This content downloaded on Thu, 17 Jan 2013 18:27:03 PM
All use subject to JISTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

386*SGSA LUTZ DUMBGEN AND GUNTHER WALTHER

An elementary bound for D(K, €), which is sufficient for our purposes, is given by
1) D(K, €)= (2 diameter (K)e '+ 1)? Ve>0,

see Pollard (1990, Section 4). The main problem will be to find good bounds for
n(K, Z, ¢).

First we consider Z,,:={X,, X5, - - -, X,,} with independent, identically distrib-
uted random points X;, X,, X3, -+ - € K. For a sequence of real random variables
(Y,). and a sequence of positive numbers (c,), we say here that Y, = O(c,) almost
surely if lim sup,_.. ¢, 'Y,| = ¢ almost surely for some fixed ¢ < .

Corollary 1. Let X, be uniformly distributed on K, ie P{X,eA}=
Leb (A)/Leb (K) for any Borel set A c K, where Leb denotes Lebesgue measure on
R? Then

O((log n/n)") almost surely,
dy(K, Z,1))= {
n(K, conv (Z,.1)) O((logn/n)*“*Y)  almost surely under (S).
Under stronger regularity conditions on dK, Barany (1989, Theorem 6) shows that
the expectation of dyy(K, conv (Z,,)) is precisely of order (log n/n)*“*Y,

Corollary 2. Let X; be uniformly distributed on oK, ie P{X eA}=
H,_,(A)/H,;-,(6K) for any Borel set A c 9K, where H,_, denotes (d—1)-
dimensional Hausdorff measure on R®. Then

_ [O((logn/n)"“=D)  almost surely,
du(K, conv (Z,.) = {O((log n/n)*4=Yy  almost surely under (S).
These results remain valid if the given distribution P of X; is replaced with another
distribution Q = aP for some a > 0.

In a different application, which is motivated by ultrasound pictures, one considers
intersections of K with independent, identically distributed hyperplanes. To make
this precise, we assume from now on that 0 is an interior point of K and define
p=p(K):=max{r>0:B(0,r)c K}, R=R(K):=min{r>0:B(0,r)> K}. Now let
U, U, Us, - -+ and Ay, A,, As, - -+ be independent random variables, where U, is
uniformly distributed on 9B(0, 1) and A, is uniformly distributed on [—R, R]. Then
define Z,,:= U 5=, {x e K:(x, U)=A,}.

Corollary 3.

du(K, conv (Z,,)) = {0(108 n/n) almost surely,

O((log n/n)? almost surely under (S).
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3. Equivalence of Problems I and II

The equivalence of Problems I and II can be stated in terms of the polar set
M*:={y e R?:(x, y)=1 for all x € M} of M = R? It follows from this definition that
M* is a closed, convex set such that 0 e M* = conv (M U {0})*. In particular, since
0 € int (K),

2 K* is compact, 0 eint (K*), and (K*)*=K;

see Schneider (1993, Theorem 1.6.1). In fact, it will be convenient to consider
Problem II with K* in place of K. Beforehand we define the mapping R?\{0} 5 x —
¢(x):=|x|"'x, the support function 8B(0,1) s> h(M, s):=sup,.p{x,s) of M,
which coincides with h(conv (M), .), and the supporting halfspaces H(M,s):=
{x e RY:(x, sy =h(M, s)}.

Theorem 2. Let S be a random, closed subset of 9B(0,1), and define Z:=
¢~ 1(S) N K. Then the following inequalities hold:

_ < * * < P—de(K’ conv (2))
R™2dy(K, conv (Z)) =dH{K , [VHK™, s)) T (1-p 'du(K, conv (Z)))"’

n(K, Z,p'R’€)=n(B(0,1), S, e) = n(K, Z, pe) Ve>0.

With Theorem 2 at hand one can extend results from Section 2 to Problem II, thus
obtaining rates of convergence for the reconstruction of K* from random projec-
tions onto one-dimensional subspaces and onto (d — 1)-dimensional subspaces, as in
Small (1991). The dual property to smoothness of K is 3(K*) having ‘no flat parts’

Condition (NF). For some constant I*>0, min, g+ x)icok=y) IS =t 2 1* |x —
yIVx,y € 3(K*), where ©(K*, x):={s € dB(0, 1):=(x, s) = h(K*, 5)}.

Corollary 4. For independent, uniformly distributed U,, U,, Us, - - - € 9B(0, 1) let
S,1:={U;, Uy, - -+, Uy}, and S, ,:= U <=, {U}* N3B(0, 1), where (.)* denotes the
orthogonal complement. Then
) _ {O((log n/n)"“=Y)  almost surely,

O((logn/n)*“=)  almost surely under (NF),
) _ {0(]og n/n) almost surely,
O((logn/n)?) almost surely under (NF).

dH(K*, N H(K* s)

seSp

duK*, () H(K",5)
5€5,2
4. Proofs
Proof of Theorem 1. Let F be a maximal subset of 4K such that [x — y|>¢ for
different x,y € F. Then 0K < B(F, €), #(F)= D(K, €), and part [a] follows from
P{6K ¢ B(Z, 2¢)}= P{F ¢ B(Z, ¢)}
= > P{ZNB(X, €)=}

xeF

=D(K, e)n(K, Z, ¢).
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Since conv (Z;) is contained in K and convex, the general inequality in part [b]
follows from dy(K, conv (Z;)) = sup,x d(x, conv (Z;)) = sup, sk d(x, conv (Z;)) =
SUp,cax d(x, Zs) = 8. If condition (S) holds and Z; = 6K, we utilize the following
equality for arbitrary convex sets L,M cR? such that at least one of them is
bounded:

(€) dy(L, M)= ||h(L, ") = h(M, )] ©=, max lh(L, s) = h(M, 5)|;

see, for instance, Schneider (1993, Theorem 1.8.11). Here this equality leads to
du(K, conv (Z5)) = |h(K, -) = h(Zs, .)| = max,cap.1) (h(K, s) — h(Zs, s)). Let the
latter maximum be attained in s, e 0B(0,1). Further let x, € 8K such that
h(K, so) = {xq, So). Then s = 0(x,), and dyu(K, conv ((Z;)) = inf, . z, (xo — 2, O(xo)) =

min, ¢z, (Xo — 2, 8(xo)), where cl () denotes closure. However, by assumption,
(X0 =2, 0(x0)) = (xo — z, O(x0) — 0(2)) =1 |xo — z|* = 187 for some 7 € cl (Z;).

The following lemma is of general use later for deducing rates of convergence.

Lemma 1. Let Z,=\_J{-, C; with independent, identically distributed random
subsets C,, C,, Cs, - - - of K. Suppose that

4) inf P{C,NB(x,e)%#tzae? Veel0,v]

xedK
with constants a,B,y>0. Then n(K, Z,, €) < exp (—naeP) for all € € [0, y), and

O((logn/n)"?)  almost surely,

du(K, conv (Z,) = {0((log n/n)??)  almost surely under (S) if P{Z, c 0K} = 1.

Proof of Lemma 1. Note first that 7(K, Z,, €) equals
(1 —inf, .k P{C, N B(x, €) #B}" = (1 — aeP)" = exp (—naek?)

for arbitrary ¢ € [0, y]. Now let ¢,:=min {a, (c logn/n)"?}. Then Theorem 1[a] and
(1) show that 3;_, P{oK & B(Z,,2e,)} S (4R + a)? S;_, e, exp (—anef) < = if ¢
is sufficiently large. Hence the assertion follows from the Borel-Cantelli lemma
together with Theorem 1[b].

Proof of Corollary 1. In order to prove the assertion for general K, it suffices to
show that (4) holds with C; = {X;} and B8 = d. In other words, one needs a reasonable
lower bound for Leb (B(x, €) N K), x € dK. For that purpose let s € dB(0, 1) such
that (x,s)= —|x| (1 - (p/R)*/2). Then |x+ |x|s?=2x?+2|x|{x,s)=p> Since
conv({x}UB(0, p))cK and |x|=p, this implies that x +{y e B(0, €):(x, y) =
—|x|1yl (1 = (p/R)*/2)} is a subset of B(x,e)NK for any ¢ € [0, p]. Its Lebesgue
measure equals a&?, where @ :=Leb{y € B(0, 1):y; = |y| (1 - (p/R)*/2)}.

In the case of smooth K one cannot apply Lemma 1 directly, because Z, , is not
a subset of 9K. Alternatively let &,:=(c log n/n)""“*V for some ¢ >0 and define
Z,:=Z,,N B(3K, €2). Then obviously dy(K, conv (Z,1)) =du(K, conv (Z,)), and
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the subset Z,:=B(Z,, e2)NIK c oK satisfies €2=dy(Z,, Z,)=dy(conv (Z,),
conv (Z,)). Suppose that 8K c B(Z,, 2¢,). Then oK < B(Z,,2¢,+¢€2), and
Theorem 1[b] gives dy(K, conv (Z,)) = dy(K, conv (Z,)) + €2 = €2 + I(2¢, + €2)>
Thus, by Theorem 1[a] and (1), it suffices to show that 37_; &, n(K, Z,, €,) <o
for suitable ¢ > 0. This is certainly true if
5) Leb (KN B(x, e) N B(3K, €*)) Z a'e?*! Ve € [0, y] Vx € 0K
with constants a’,y>0. We only sketch a proof of (5). For arbitrary x,y € 6K
condition (S) implies that (x —y, 8(x))=/|x —y[> With 5:=(2/)"! this can be
rewritten as |y — (x — p6(x))| = p. This implies that B(x — 30(x), p) = K. Moreover
one easily verifies that K N B(6K, €*) contains the set {z € K:{(x — z, 8(x)) = €%}
Consequently Leb (K N B(x, €) N B(3K, €%)) is not smaller than Leb (B(0, £)N
B(p6(x), p)N{z e R*:(z, O(x)) = €%}), which does not depend on x € K and is
precisely of order €?*! as € | 0.
The following result is useful for the proof of Corollary 2 as well as Theorem 2.

Lemma 2. The mapping &(x) = |x|"'x defines a homeomorphism from 8K onto
9B(0, 1) such that

PR —yl=l¢() - d(y)=p~' Ix -yl  Vxyedk
Proof of Lemma 2. Since the mapping under consideration is surjective, it suffices
to prove the two inequalities for x,y € K. The second inequality follows from

e = yP = (xl = [y)*+ x| [yl 16(x) = $(¥)I* Z p? b (x) — ¢(y)I*. In order to prove the
first inequality one may assume without loss of generality that R = 1. Further, let
A:=lx|/ly|=1. Then

ke —yP—16(x) = d(VIF=Ad(x) — d(y)F —1$(x) = ¢(y)F
=A-1DA+1-2((e(x), ¢(y))
=0  if(p(x), d(y)=(A+1)/2.
Hence one may assume that (¢(x), ¢(y))> (A +1)/2= . The function R >t
Ix + t(y — x)|* attains its minimum at
to:= (X = {x, y)/Ix =y = (A = (b (x), ¢(y)) x| |yl/Ix =y <O.

Thus x is a non-trivial convex combination of y and z:=x +1#y(y —x). In
particular, |z|=p, because otherwise x would belong to the interior of
conv (B(0, p) U{y}), which is a subset of int(K). Now the asserted inequality
follows from

2 = x? = (I = x, )/ 1x = yP?
= x|y PlIAd(x) = (y)F = (A = {b(x), d(y))V/I1x - yI*
=[x |yPA +{d(x), (yM(L = (d(x), d(yN)/Ix =y
=|é(x) = o)/ 1x =y~

Proof of Corollary 2. Tt suffices to show that (4) holds with C,={X;} and
B =d — 1. But this is a direct consequence of Lemma 2. For Lemma 2 implies that
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d(B(x, e) N 3K) > B(¢(x), pR %) N 8B(0, 1), and it follows from the definition of
H,_, that H,_,(¢(A))=p' “H,_,(A) for Borel sets A= oK (cf. Federer 1969).
Hence H,_,(B(x, )N oK)= p® "Hy_(B(¢(x), ep/R) N6B(0, 1))= ae?™’ for all
£ € [0, R?/p] and some constant a = a(d) > 0.

Proof of Corollary 3. 1t suffices to verify (4) with C;={x € 0K:(x, U;) = A;} and
B =1. We utilize the following topological fact, which is easily verified: for any
x € 9K and € € [0, R/2] there exists a continuous path vy:[0,1]— 6K such that
y(0) =x, |y(A) —x| =€ for all A € [0, 1] and |y(1) — x| = & Then (4) follows from

P{(z, U;) = A, for some z € 3K N B(x, €)} = P{A; e {{y(A), U)):A € [0, 1]}}
Z E|ix — y(1), UDI/2R

= @g,

where a:= E|(s, U)|/(2R) >0 for any fixed s € 6B(0, 1).
The main tools for proving Theorem 2 are Lemma 2 and

Lemma 3. Let L be a compact, convex subset of R? such that 0 € int (L). Then
pp(L) = du(K, L)/du(K*, L*) = RR(L).

Other inequalities relating a set and its polar can be found in Chapter 24.5 of
Burago and Zalgaller (1988). The inequalities in Lemma 3 are sharp, as can be seen
by setting L = B(0, p) or L = B(0, R). Furthermore, a little thought reveals that

. . dH(K, L) _ 2 . dH(Kv L) .
T N B LN T

R2
where convergence is with respect to dy(-, *).
Proof of Lemma 3. Let us first mention two duality results that are related to (2):

6) h(K*,s)=g(K,s):=min{A >0:5s e AK} Vs € 4B(0, 1);

see Schneider (1993, Theorem 1.7.6). The function g(KX, -) is the so-called gauge
function of K, and g(K, s)™' is the length of the line segment from the origin to 6K
in direction s. Now one can easily derive that

@) R'= min g(K,s)= min”h(K*, s) = p(K*).

xedB(0,1) seaB(0,

By compactness and convexity of K and L one may assume that there is a point
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x € 3L such that dy(K, L) = d(x, K). (Otherwise interchange K and L.) Then there
is an s € 0B(0, 1) such that d(x, K) = h(K, s) + (x, s), whence

g(L, d(x))™' — g(K, ¢(x))”' = x| — max {A >0:A¢(x) € K}
Z x| — max {A > 0: X (x), s) = h(K, s)}
= x| = x| (1 — du(K, L)/{x, 5))
=Zdy(K, L).
Consequently,
du(K, L)=lig(L, )" - 8(K, )"l

= lig(L, ) 7'g(K, )" '(g(L, -) — g(K, )

=RR(L) lig(L, ") - g(K, ")l

= RR(L)du(K*, L*),

by (3) and (6). The other asserted inequality follows by interchanging (K, L) and
(K*, L*) with the help of (2) and (7).

Proof of Theorem 2. Note first that

K= H(K*s)
=N eR:x 9 =g(K 5)

=N ixeR:(x z)=1}

zeZ
=Z* =conv (Z)*;

see (6). Generally conv (Z) is a compact, convex subset of K. If 0 ¢ int (conv (Z)),
then there exists an seodB(0,1) such that h(Z,s)=0. In particular,
dy(K, conv (Z))Z d(ps, conv (Z))Z p, and {rs:r >0}c K, whence dy(K*, K) = =.
Therefore one may assume that 0 e int(conv(Z)). Then Lemma 3, (2) and (7)
together yield

dy(K*, K) = p(K*)p(K)dy(K, conv (Z)) Z R %dy(K, conv (Z)),
du(K*, K) = RIK*R(R)ds(K, conv (Z))

= p~'dy(K, conv (Z))/p(conv (Z))

= p 'du(K, conv (Z))/(p — du(K, conv (Z)))*

= p~2dy(K, conv (Z))/(1 = p~'du(K, conv (Z)))".

The two inequalities for m(-) follow straightforwardly from Lemma 2 together
with (7).
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For the proof of Corollary 4 one needs to know that condition (S) and condition
(NF) are equivalent.

Lemma 4. Condition (NF) implies condition (S) with l:=R/pl*. On the other
hand, condition (S) implies condition (NF) with I*:= p3/R*l.

Proof of Lemma 4. Any unit vector in R can be written as ¢(z) as well as ¢(Z)
for some z € dK,Z € d(K*). Let x,y € 0K,%,j € 9(K*) such that ¢(¥) € O(K, x) and
¢(¥) € ©(K,y). This is equivalent to ¢(x) e @(K* %) and ¢(y) e O(K*, y),
because

¢(x) € O(K*, X) (X, ¢(x)) = h(K*, ¢(x))
S(d(%), d(x)) = g(K*, (X)h(K*, ¢(x))
S(B(x), d(x)) = h(K, $(X))g(K, d(x))
S d(%) € O(K, x);
see (6). Thus if condition (NF) holds, then
l6(%) — d(F) =p(K*)' T — 7|
= (*p(K*) 7 g (x) — d(y)
= (pl*p(K*) ' -yl
=R(p!*)™ x -y,

according to Lemma 1 and (7). This implies condition (S) with /= R/pl*.
Analogously one can show that condition (S) implies condition (NF) with /* =
3/p3
p°/R’L

Proof of Corollary 4. The assertions follow straightforwardly from Theorem 2 and

Lemma 1, if we show that
P{U, € B(x, €)} Z ag’™! and
®) P{U}Y N3B(O, DNB(x,e)#Tt=a’e Vee[0,1] VxedB(0,1)

with positive constants a,a’. The first half of (8) is well-known. As for the second
inequality,
P{{U}* NnaB(0, 1) N B(x, €) # O}

z P{(x + z, U;) =0 for some z € B(0, £) N {x}*}
= P{(x, Uy = e(1 - (x, UP)}

= P{x, U) = e(1+ &)}

Za'e Veel0,1]

with some a’' = a’'(d) > 0.
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