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Abstract

A challenging problem in the analysis of mixtures is the determination of the
number of components in the mixture, in the case where one does not want to make
parametric assumptions on the component distributions. It is shown how convolutions
with the Gauss kernel and its derivative kernel allow to set lower confidence bounds
on the number of components in a location mixture. The resulting procedure has the
advantage over mode-hunting approaches that it is sensitive to detect mixing in more
general unimodal situations, and at the same time it cannot be improved upon in the
more restricted situation where mixing manifests itself in multimodality, even if one
is allowed to use that knowledge a priori. This is explained heuristically and made

precise in the asymptotic minimax framework.

Keywords: mixture complexity, upcrossings, modality, minimax.

1 Introduction

One important issue in the analysis of mixture data is the inference on the number
of components in the mixture."Some well-known examples in the statistical and scientific
literature are the number of kinds of chondrite in meteorites ({18, 12]), the number of
different paper types used in the production of certain stamps ([15]), the number of groups
of stars in certain locations in space ([6]), or the number of genetic components determining
blood pressure ([10, 25]). The statistical framework for such a cluster analysis is a mixture

model. This article focuses on the important case of a location mixture
k
fl@)=) piglz—t), g€, (1)
i=1
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where the nonnegative weights sum to unity and S denotes a set of univariate single-
component distributions. In this model the weights p;, the location Parameters ¢;, and
the single-component density g are unknown. The object of the inference is the mixture
complexity inf{k : f(z) = Y pig(z ~ ti)yg € S}. Scientific and statistical interest
focuses on lower confidence bounds for the mixture complexity; it is well known that no
nontrivial upper confidence bounds exist, see [9].

Powerful theoretical results are available in the case where the component class S ig
parametric. [28, 20, 21, 25] exploit structural properties of exponential families, [19] and
8] derive procedures based on properties of moment matrices. There is g large literature
on an approach where S is a nonparametric class of distributions, motivated by the fact
that the parametric procedures are quite sensitive to the structure imposed on § . For
example, if § is taken to be the normal family in the analysis but the real g is skewed,
then many normal components are required in themixture to pick up the skewness, which
can result in a considerable overestimate of the mixture complexity. See [25, p-493] and the
references given there for a further discussion of this issue. The nonparametric appfoaches
usually proceed by mode- or bump-hunting, i.e. by establishing a lower confidence bound
on the number of modes of [f or of ‘bumps’ (maxima of the density derivative, see [7, 12]).
Various techniques have been developed to assess the modality of f, see e.g. [29, 14, 24, 23];
[4, 5] give further refinements for several of these procedures. One disadvantage of such
an approach is that it is not very sensitive to detect mixing., For example, the means of
two homoscedastic normal distributions need to be separated by at least two standard
deviations before any mixture becomes bimodal. Another problem, which is apparently
not widely recognized, is that counting modes and ‘bumps’ does not always lead to a valid
inference: Figure 1 shows a unimodal density f (solid line) and the mixture 1 [2(f(z) +
f(z —4)), which is trimodal.

" In fact, it is not hard to modify f in figure 1 such that the two-component mixture
bossesses any prescribed number m of modes. Thus if the sample size is large enough, then
mode-hunting will give a lower bound of 3 (or even m) for the mixture complexity with

arbitrary high confidence level, while for unimodal components the mixture complexity
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Figure 1: A mixture of two unimodal distributions which is trimodal.

is only two. This is a most serious scientific and statistical mistake. See [33] for an
investigation of mode- and bump-hunting in this context.

In section 2 it is shown how convolutions with the Gaussian kernel and its derivative
kernel allow valid inference on the mixture complexity, and the accompanying statistical
theory is presented. Section 3 investigates how the new procedure compares vis-a-vis
the more conservative mode-hunting approach in a setting where multimodality is in fact
present. The main result is that the new nonparametric procedure dominates any mode-
hunting technique: The new procedure is sensitive to detect mixing in a more general
setting where the mixture is unimodal, yet it cannot be improved upon in the more
restrictive setting where the mixture is multimodal, even if one is allowed to use that
knowledge. This is first made plausible heuristically, and then made rigorous in the modern
asymptotic minimax framework.

Examples are given intermittently throughout the exposition to illustrate various points.

Sqme proofs are deferred to section 4.

2 Upcrossings for mixtures

A univariate density g is said to be of type PFn, n > 1, if for all z; < ... < zp,
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n <...<Yn,
det || g(z: ~ v3) [I5j1 > 0. o

g is called a Polya frequency density (g € PFy) if (2) holds for every positive integer
n, see [16]. The nonparametric class PF contains many standard unimodal parametric
densities, such as the normal family, but also skewed distributions such as the gamma
family with integer shape parameter. PFy, is thus a flexible nonparametric model for
single-component distributions. Another reason why it is appealing to use PF, is that
this is precisely the model under which mode- and bump-hunting will work, see [33]. Thus
the literature on mode- and bump-hunting has implicitly used and approved PF, as an
appropriate nonparametric model for single-component distributions, and it is thus fitting
to pursue the new developments below for the same model.

It is informative to note that PF, is a strict subset of the class of unimodal distribu-
tions; for example, the unimodal f in figure 1 is not in PF,. The PFj condition stipulates
that g is nonnegative, which is a vacuous condition for probability densities. The PF;
condition is equivalent to g being logarithmically concave, see 18.A in [22]. Using this
latter condition, procedures for testing the important homogeneity case k = 1 were de-
veloped in [32, 34] using a maximum likelihood technique. It was also shown there how
this model extends to a multivariate situation. The following approach is restricted to
a univariate set-up, but in turn allows to set lower confidence bounds for any mixture
complexity k > 1.

The theory of Polya frequency functions was instigated by the qualitative study of
the number of sign changes of certain transformations, such as convolutions, see [27, 16],
and has turned out to be of fundamental importance in many areas of mathematics and
the sciences. The key idea of this paper is that a simple but powerful approach to the
mixture complexity problem can be developed by studying such a qualitative behavior for
the sum of two appropriate convolutions. Let f be a univariate density, and let ¢ denote

the standard normal density. Recall the usual notation kp(-) := k(-/h)/h, in particular we
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will write ¢} (-) := ¢'(-/h)/h = —(-/R?)¢(-/h). Consider the function
5aC) 1= (0= M) (e % £) () + Algn* ) () o, (3)

where B > 0, € (—1,1), and o) := 11 = 1ADe) + Aolla = \/WW/@WI/“) is
a standardizing constant. To understand the behavior of this function, set for a moment
A=0and f = . Then up to a scale factor, 35, 5 equals the derivative of a Gaussian density,
which is depicted in figure 2. A key point is that if f € PF,, then no matter what A > 0
or A € (=1,1) are, §, will have the same qualitative behavior as the derivative of the
Gaussian, in that there will be no upcrossing through zero. See figure 2 for the case where

[ =gamma(2,1). Conversely, if this qualitative behavior holds for all h>0,X¢€(~1,1),

then f € PFy; see theorem 4 in section 4.

-0.25

Figure 2: Left: The derivative of the standard normal density. Right: 50.2,~0.1
for the gamma(2,1) density.

Thus an upcrossing through zero implies mixing. Most importantly, counting upcross-
ings and adding 1 yields a quantity that never exceeds the mixture complexity and thus

can be used to construct valid lower confidence bounds for the mixture complexity:

Theorem 1 If f is given by the mizture (1) with § = PF,,, then Sha(:) has at most k—1

upcrossings through zero.
Proof of theorem 1: Assume to the contrary that 8, z(-) has k upcrossings for some
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A € (—1,1),A > 0. Then for b > 0 small enough, the same is true for the function

@) = (-pp [oErbi ey

i F@dt + 2 [ onlo -7 @)t

k k
YT (1~ IIR/B S pi (e +b— 1) — %z — 1)) + A Y pibla ~ 1)

j=1 i=1

2%k
= > ay(z-y;), (4)

=1
where yz;-1 = t; — b, Y35 = 5, g35-1 = (1 — [A)psh/b, g2 = Apj — (1 = [\Dpjh/b, j =
1,...,k. Hence there exist z1,...,Tog41 such that the s(z;) have alternating sign. W.lo.g.
we may assume that the sequence {¢;} is strictly increasing, and by taking b small enough
the same holds for {y;}. (4) shows that the vector {s(z;),1 < i < 2k + 1} is a linear
combination of the vectors {y(z; — y;),1 <1 <2k +1}, 1 < j < 2k, whence

Yz —y1) .. Yz —y) s(z1)
0 = : :
Y(zok+r —y1) ... P(Toksr —yox)  S(Toks1)
2%+1 .
= > s(@) (=1 det || Yz — ym) listimszksn -
i=1

Y is STPy by theorem 3.3 in (2], i.e. satisfies (2) with strict inequality. Thus all the
determinants in the last sum are positive, and the s(z;)(~1)%*1+iare either all positive
or all negative. Hence the sum cannot be zero and the desired contradiction obtains. O
The statistical approach to the problem is now evident. Given Xi,..., X, iid from
f, one convolves the kernels with the empirical measure instead of f to obtain the usual

kernel estimates:

saal) 1= (=D RA () + A Fa()) /o,

where fy(z) := DI <p("'—_h)—(l) and fh’(:c) =y Y w’(%). The recipe provided
by theorem 1 is to look for upcrossings while varying h and A. This corresponds to the

paradigm introduced from computer vision into the statistics literature in [3]. It is argued
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there that statistical interest often focuses on certain features of a function f having an
unknown scale h, and that these features are hence best extracted by considering (say)
kernel estimates fh over a range of h simultaneously. Note that this approach has a natural
and rigorous justification for the problem at hand here. In particular, the kernel estimate
is not just any more a device to look at f at various scales of resolution, but the problem
is characterized in terms of convolutions with the Gauss kernel and its derivative in the
first place.

[11] give results in the Gaussian white noise model for the simultaneous behavior of
kernel estimates over a range of bandwidths. By approximating 5n,2() by an appropriate
Gaussian process, these results can be used to derive the desired confidence bounds for

the number of upcrossings. The next theorem takes the range of bandwidths H,, to be

a subset of [n™!7¢ const], € > 0. Set Unp(z) = (qa + . /2(log hfhl(z))+) f’;l,f), and

Ln () := =Up p(z), where q, is given below.

Theorem 2 If f 1s given by (1), then

lim Py (§h1>\(~) has more than k — 1 upcrossings of [Lan () Unp ()]

n—od

for some h € Hy, X € (—1, 1)) < a.

Thus a lower 1 — & confidence bound for the mixture complexity obtains by counting
upcrossings of 8, 3(+) through the pair of lower and upper bounds Ly n(-) and Uy, 4(-), tak-
ing the largest number found this way while varying h and A, and adding 1. Note that the
1 — a confidence level is simultaneous for all the components found. This aspect is known
to be a perennial problem for mode-hunting procedures, or even parametric procedures
such likelihood ratio tests, where the presence of components is tested sequentially one
at a time with an unknown overall confidence level as a result. The quantile g, in the
definition of U, is given in the proof of theorem 2, but alternatively one can use In,a
obtained by simulating the procedure with Monte Carlo samples of size n from the uni-
form distribution in place of f. Note that by employing a null distribution that is based

on a range of bandwidths h, one avoids working with the extreme value distribution that
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arises by using one bandwidth sequence under the sup-norm, see [1]. The convergence to
the latter extreme value distribution is known to be extremely slow, see [13]. Using the
analysis of this latter paper, one can show that the procedure introduced here is much
more accurate even for small sample sizes.

If the kernel estimates are computed via the FFT as usual, then it is simple and fast
to compute these estimates over a grid of bandwidths. Tn all of the following examples a
grid H,, was used that consists of 50 equally spaced values from SD(X)/+/n to a quarter
of the range of the data, and likewise a grid of 25 values was used for the A.

An example is given in figure . 300 observations were sampled from the mixture
f(z) = 0.2gamma(z — 5,2,1) + O.4norm(z, 2, 1) 4 0.4unif(z, —5,3). The purpose of the
example is also to demonstrate the method when model 1 does not hold. The mixture
has only two modes, but the procedure detects the three components: Figure shows two

upcrossings of 50.3,-0.07 through the 10% band.

0.15

0.1

0.05¢

i ' s L L L 1 2
-4 -2 o 2 4 3 8 10 12

Figure 3: Two upcrossing of 50.3,-0.07 indicate the presence of three components at the
10% level.

Remarks:
1. It is pleasing to note the similarities to the approach in the exponential family case
which relies on counting certain sign changes, see (25, 20, 21], even though the nonpara-

metric method here is completely different from the parametric one. On the other hand,

593



the special case A = 0 reduces to a procedure that counts modes, a well-known approach
in the nonparametric set-up.

2. It is possible to refine the analysis and check the PF, condition for n > 2. How-
ever, it remains to be seen how much would be gained. The PF, condition is equivalent
to f being logarithmically concave, ie. f(z) = e¥(® for a concave function 1. The
prime example is of course the normal family, where 9 is a quadratic. Thus this condi-
tion captures the appearance of a bell-shaped curve that is commonly associated with a
single-component distribution. Further one deduces from this equivalence that the above
- upcrossing procedure looks for ‘bumps’ in the log-density. This fact establishes yet an-
other pleasing connection to other nonparametric theory: It is a widely accepted principle
that the inference should focus on the log-density, not the density itself, see e.g. (30] or
[31].

3. It is essential that the Gauss kernel be used for the convolution, or at least a kernel
that is in PF,, if the interest lies in the number of features in the data. Otherwise this
number can be spuriously inflated by the convolution. This follows from a well-known

. result from the theory of total positivity, see [16].

3 Comparison with the modality approach

The above procedure allows to detect mixing even in situations where the mixture
is unimodal. An important question is how this procedure compares to other modality
approaches in a situation where the mixture is indeed multimodal. It would seem that
in the more restricted case where multimodality is present, a procedure that is specially
tailored to detect multimodality' is more powerful to detect mixing. The reason is that
such a procedure is allowed to concentrate its power solely on finding multimodality, rather
than having to be sensitive to detect a larger class of alternatives.

The following heuristic suggests that t.his is in fact not so. Consider for simplicity
distributions on the unit interval. The least favorable distribution for detecting multi-
modality is the uniform distribution: At each point in [0,1] the derivative is zero and

hence on the boundary to bimodality. So a procedure must guard against erroneously
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declaring bimodality by guarding against a sign change of the derivative from - to +
simultaneously on [0,1]. On the other hand, consider the function 3 in (3). ¢} x f
gives in essence the derivative of f, and ¢, x f is positive. Hence varying A corresponds
to increasing or decreasing the derivative term ¢} % f. Thus the least favorable situa-
tion is obtained by adjusting A such that the resulting sum equals zero on [0, 1], because
then the procedure has to guard against erroneous sign changes everywhere on [0, 1]. But
this worst-case situation is essentially the same as the one previously encountered for the
modality approach. Hence detecting mixing in the more general context is not a harder
problem than detecting mixing in the narrower context of multimodality.

This can be made precise in the asymptotic minimax framework. We measure the
difficulty of detecting bimodality of f by how far f drops down between the modes, where
the decrease and increase each have to occur in an interval of length [. More precisely,
define the [ —drop of f :=inf{d:3z) < 22 <y1 < y2 with [za — 21| < I, [yo —y1| < ! and
f(z1) > f(z2) +d, f(y2) > f(y1) +d}. The difficulty of detecting such a drop depends on
‘the smoothness of f. But we do not wish to make any smoothness assumptions on f, and
hence consider the [-drop of f, = @y * f instead, where h = h(n) | 0 with h{n) > n=1%c,
Consider within the class of densities supported on [0,1] and uniformly bounded above
and below away from the zero, the set F,(d) := {f : I-drop of /fr > dl\/(%’%%)s)i
for some l}. Part 1 of the following theorem shows that if the drop is below a certain
threshold, t'hen no procedure can detect it asymptotically. Part 2 shows that if the drop
is above this threshold, then the above upcrossing procedure will detect it with power 1
asymptotically:

Theorem 3 (1) Let ¥,(X,,) be any sequence of procedures for detecting bimodality at
level an — a € (0,1) that are based on an itd sample X, = (X1,...,Xy) from f. If
d <1, then

T o0 St Py(Wn(X.,) detects bimodality )<e

595



(2) If d > 1, then

li inf Prlab c in cedure detects bimodality ) = 1.
Lm"_’wfelj-g,,(d) f(a ove upcrossing procedure detects bimo azy) 1

Hence there is a sharp cut-off: Below the cut-off, no procedure can detect bimodality.
Above the cut-off, even the more general upcrossing procedure detects it with power one.
Thus this sharp cut-off leaves no room for any specially tailored modality procedure to
outperform the more general upcrossing procedure.

The conclusion of the theorem will now be demonstrated with a data example. There
are two points in the result that need to be evaluated against a pertinent example: First,
the minimax results are asymptotic. Second, while the upcrossing procedure attempts to
be sensitive to small-scale features as well as large-scale features by considering various
bandwidths simultaneously, the statement of theorem is most informative for small [
Le. localized modes. The faculty quality data considered in [14] give assessments of
63 statistics departments. This sample size is already quite small for a nonparametric
approach. Furthermore, the histogram in figure 4 shows that the purported bimodality is
almost a global feature, in that it extends almost over the whole range of the data. Thus
this example appears well suited for a procedure that is most sensitive to detecting global
features, such as the dip-test considered in [14], which uses a distance between distribution
functions.

The upcrossing procedure is significant at the 9%level for ascertaining that there are
at least two components present. This level isin fact obtained for A = 0, i.e. the special
case where the procedure looks for bimodality. The corresponding plot of 3p, 18 given in

figure 4. [14] quote a significance level of 10% for the dip test.
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Figure 4: Left: The histogram of the faculty quality data. Right: 8;.463,0 and the
10% bands.

4 Appendix

Theorem 4 If f € PFy and A € (=1,1),h > 0, then Spa(-) has at most one zero,
which must be simple. Moreover, the only posstble sign-change can only be a downcrossing
through 0. Conversely, if 5x(+) has no upcrossing through 0 for all X € (=1,1) and h > 0,

then (a version of) f is in PFj.

Proof of theorem 4: Let f € PFy. As ¢ is STPx, ie. satisfies (2) with strict
‘inequality, it follows from theorem 3.3 in [2] that fh is ST P, and hence strictly log-concave,
cf. 18.A.10 in [22]. As fp is in C*, this implies that (log fr)' is strictly decreasing,
and hence (1 — |A)h(log fr)' + A has at most one zero, which must be simple, and no
upcrossing through 0. Writing (log fn) = fi/fn one sees that this is then also true for
Ful(@ = IADR(log fr)' + Al = 0a3h,, 88 fr is positive on R.

Conversely, the last equation shows that if Sp,» has no upcrossing through 0, then
(log f)' has no upcrossing through mﬁf]‘m As this holds for all A € (—=1,1), (log fn)' is
nonincreasing and hence fr is log-concave. As the latter property is true for all A > 0, it

follows from standard arguments that a version of f is log-concave and hence in PF,. O
Proof of theorem (2): First consider the case k = 1. Let [a,b] be an interval
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contained in the interior of the support of f. Employing the strong approximation of [17],

integrating by parts as in [26, p.31] and rearranging terms shows

I %}:(5}1,,\ = Spa(l — %)) - ﬁ/((l = [A)¢’ + /\<p) (%)dZ(F(t)) lay =

logn
0(:271) as., (5)

uniformly in \, where Z is a two-sided Brownian motion. Employing the LIL for Brownian
motion as in (26, p.32] (see also [1, p.1075]) and using the exponential decay of (1— |\’ +
Ap yields

1 T -t
(1= ]ADe" + A dZ(F(t))
i () (25

_0;/}_1 / ((1_|A;)¢'+Aw)(-“’h;t)dza) = Vhr(z), 6)

where the process r(z) is a.s. bounded. It will be seen that the strong variation diminishing
property of the Gauss kernel (cf. the result on the simple zero in theorem 4) allows
to restrict attention to small bandwidths h, where the heteroscedasticity effect Vhr(z)
is negligible. Let ¢, be a positive number to be determined later. Abbreviate h, =
min H,, b, = max H, and S,’:’/\ = 5 (1 - %_111—1),/%. Fix hg > 0. Then by Fatou’s

lemma and (5,6):

nli)nc}on (§h,)\(-) has an upcrossing of [L, ,(-), Un,(")] for some h € H,, A € (-1, 1))

IN

Py (for infinitely many n 3h € [hny ho), A < 1 (7)
1
oxvh

has an upcrossing of [:F (Qa + 2(105 #) +)D
h

/ (@ =1ADe' ++30) (mT_t)dZ(t) +Vhr(z) + 87,

+ P (for infinitely many n 3h € [hg, hy), Al <1: (8)

- 1hfh J(@= e +20) (BtYazira + 57,

508



has an upcrossing of [:F (qa + 2(10g %)Jr)] )
h

We first consider (8). If b > 0, then by theorem 4, 3p, ) has at most one zero zj, y, which
must be simple. Standard arguments show that 5;1’ 1(z4,2) is bounded away from zero for
(h, ) in the compact set [ho, hp] X [~1,1]. Hence for some Ci, C, > 0 we have 1Sk A(2)] >
C1vnh(lz — zp 3| A C2) for n large enough. Abbreviating I(k, A, z) = ax\}m f((l
[ADe" + )\tp) (‘”T“t)dZ (F'(t)) and using the fact that S} , has no upcrossing by theorem 4,

it follows that (8) is not larger than

P( sup sup [I(h, X, z) — I(h, A\, y)| > ga i.o.)
helho,hnl N1 fz—y|<logn/vnh

+ P sup sup |I(h/\:z:)|>£10gnzo>
helho,hn] M <1 z€[ab]

where the first probability corresponds to the case where start z and endpoint y of the
posited upcrossing fall in a log n/2v/nh- neighborhood of Zhx, and the second probability
covers the case where z or y fall outside this neighborhood. But I(:,-,-) is a.s. continu-
ous on the compact set [hg, hy] X [—1,1] X [a,b] by dominated convergence, and so both
probabilities are zero, and hence so is (8).

Again by the fact that S} , has no upcrossing through 0 and by (5), the probability in

(7) is not larger than

—t 1 \+
P( o o (1= [(0- e+ 20) () ez - 208 7))

> ga = 2v/ho || 7 o) (9)

It follows from theorem 6.1 in [11] that supse( pg),ia|<1 SUPzela,b] {}ﬁ f((l — AN’ +
A(p) (IT"")dZ(t)} - 2(log ﬁ;)+}+ 1 0 as hg — 0. This shows firstly that ¢, := inf{q

P(for some h € (0,h,], |\ < 1: nl—ﬂf((l = [AD¢’ + )\(p) (IT‘t)dZ(t) has an upcrossing
of F(q + 1/2(log1/(hfr))*) on [a,b]) < a} is finite and thus well-defined. Secondly,

it follows that for hg small enough the sup in (9) is smaller than the positive number
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9a = 2vho || 7 |Joo, SO that the probability in (9) goes to zero as hg — 0 by Fatou’s lemma.
Thus the test is asymptotically conservative, a fact which can be traced to the strong
variation reducing property of the Gauss kernel. The proof in the case where there are

k > 1 components in the mixture is quite analogous. O

Proof of theorem 3: For part (1) set f; = lo,1) and consider a uniform prior on the
alternatives fjr = fo+¢;+k, 1 < j, k < m, where these quantities are defined as follows:

Let h be as given as in the assumptions of the theorem, and for b > 0 to be determined

shortly, set m := [41%_[ and ¢ = @li_ 4. Then set ¢;(t) := 1/&@9(%6%&&@3(1& -2G-1+
1]6h) and 9 (t) = —, /%“’f‘f:{ﬁ%(t - % —[2(k — 1) + 1]bh). As d < 1 one can choose b

large enough (depending only on d) so that for some ¢ > 0

(6h* Fip) (206~ 1)+ 1bh) < —(d+ e),/i(“’fg(i—/’”iwz * ) (0)

I (T

2+/Tnh

!

+ .
and (¢),  fi)(5 + [2(k = 1) + 1)) > (d+ )/ YBCL Using h\/(F,,), = lgf «
Fik/\J(fix)y and || fix = fo lloo— 0 (m(n) — o0) and choosing ! small enough one finds
that f;x € F,.(d) for n large enough. As in the proof of theorem 3 in [32] it can be shown

that

1 .
— > €%k 1 in Py, -probability as n — oo, (10)
1<jk<m

where AT, = 3%, log(l + ¢;(X:) + 1,bk(Xi)) denotes the log-likelihood ratio. Hence if
{¥n(X,)} is any procedure for detecting bimodality at level a,, — @, then for arbitrary

e>0
sup Pf(\pn does not detect bimod.) > -15 > P, (¥, dndb.)

feFn(d) 1<j,k<m

g (1(Tn d.b) + #eARu(\yn dndb)) - an

1-Fg <El2— 1<'2k:< ez - 6) - one
<gk<m

v

v
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So the assertion follows from (10).

For part (2) let f € F,(d) with d > 1. By the mean value theorem there exist z < y

such that — Mgg_?/(‘iz)si > ‘/fh( — 2fh / /fh L) s;}o((a: ggig/(ln{/;): <

NEx Jzﬂ'—"ﬁ’l As d > 1 and h(n) — 0, this yields \/nh/f(¥)3n0(y) — \/nh/fuly)
Upn(y) = oo as. and \/nh/fh(z)Eh,o(m) - nh/fh(a:)Ln,h(x) = —o0 a.s., uniformly in

[ € Fn(d), as f is uniformly bounded above and below. By the latter reason and (5), the

joint law of ( nh/fh(z)(éh,o(z) - 5p0(z)), \/nh/fh(y)(§h,o(y) - Eh,o(y))) converges to a
bivariate normal distribution whose marginal variances are bounded above, uniformly in
f € Fa(d), £ and y, and hence infrex, (a) Py (§h,o has an upcrossing of [Ly, 4, Un,h]) - 1.
O
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