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We describe, in the detection of multi-sample aligned sparse signals, the
critical boundary separating detectable from nondetectable signals, and con-
struct tests that achieve optimal detectability: penalized versions of the Berk—
Jones and the higher-criticism test statistics evaluated over pooled scans, and
an average likelihood ratio over the critical boundary. We show in our results
an inter-play between the scale of the sequence length to signal length ratio,
and the sparseness of the signals. In particular the difficulty of the detection
problem is not noticeably affected unless this ratio grows exponentially with
the number of sequences. We also recover the multiscale and sparse mixture
testing problems as illustrative special cases.

1. Introduction. Consider a population of sequences having a common time
(or location) index. Signals, when they occur, are present in a small fraction of the
sequences and aligned in time. In the detection of copy number variants (CNV)
in multiple DNA sequences, Efron and Zhang [11] used local f.d.r., Zhang et al.
[29] and Siegmund, Yakir and Zhang [24] applied scans of weighted x 2-statistics,
Jeng, Cai and Li [17] applied higher-criticism test statistics. Tartakovsky and Veer-
avalli [25], Mei [20] and Xie and Siegmund [28] considered the analogous sequen-
tial detection of sparse aligned changes of distribution in parallel streams of data,
with applications in communications, disease surveillance, engineering and hospi-
tal management. These advances have brought in an added multi-sample dimen-
sion to traditional scan statistics works (see, e.g., the papers in [12]) that consider
a single stream of data.

In this paper, we tackle the problem of detectability of aligned sparse signals,
extending sparse mixture detection (cf. [4, 6, 9, 13—15, 27]) to aligned signals, and
extending multiscale detection (cf. [8, 10, 19, 23]) to multiple sequences. Hence
not surprisingly, we incorporate ideas developed by the sparse mixture and mul-
tiscale detection communities to find the critical boundary separating detectable
from nondetectable hypotheses. In Arias-Castro, Donoho and Huo [1, 2], there
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are also links between sparse mixtures and multiscale detection methods in the
detection of a sparse component on an unknown low-dimensional curve within
a higher-dimensional space. Our work here is less geometrical in nature as the
aligned-signal assumption allows us to reduce the problem to one dimension by
summarizing across sample first.

We supply optimal adaptive max-type tests: penalized scans of the higher crit-
icism and Berk—Jones test statistics. We also supply an optimal Bayesian test: an
average likelihood ratio (ALR) that tests against alternatives lying on the critical
boundary. The rationale behind the ALR is to focus testing at the most sensitive
parameter values, where small perturbations can result in sharp differences of de-
tection powers.

We state the main results in Section 2. We describe the detectable region of
aligned sparse signals in the multi-sample setting, and show that the penalized
scans achieve asymptotic detection power 1 there. We learn from the detection
boundary the surprising result that the requirement to locate the signal in the time
domain does not affect the overall difficulty of the detection problem, unless the
sequence length to signal length ratio grows exponentially with the number of
sequences.

In Section 3, we show the optimality of the ALR and consider special cases of
our model that have been well studied in the literature using max-type tests: the
detection of a signal with unknown location and scale in a single sequence, and
the detection of a sparse mixture in many sequences of length 1. We show that
the general form of our ALR provides optimal detection in these important special
cases. We also illustrate the detectability and detection of multi-sample signals on
a CNV dataset.

In Section 4, the detection problem is extended to heteroscedastic signals. The
extension illustrates the adaptivity of the penalized scans. Even though the detec-
tion boundary has to be extended to take into account the heteroscedasticity, the
penalized scans as described in Section 2 are still optimal. On the other hand, the
ALR tests have to be re-designed to ensure optimality under heteroscedasticity.
The model set-up here is similar to that in Jeng, Cai and Li [17]. There optimal-
ity is possible without imposing penalties on the scan of the higher-criticism test
because the signal length was assumed to be very short.

2. Main results. Let {(X,1,...,Xy7):1 <n < N} be a population of se-
quences. We consider the prototypical set-up

2.1 Xnt = Mnt + Zns where Z,; are i.i.d. N(O, 1).

Under the null hypothesis Hp of no signals, w,; = 0 for all n and ¢. Under the

alternative hypothesis H; of aligned signals, there exists an unknown g > 0 of

disjoint intervals ( j;k), j}k) + Kgc)] such that for the kth interval, 1 < k < g, there
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is a probability & ](\f ) > 0 that this interval has an elevated mean

k) y(k k o ek .(k k
o e
0, otherwise,
(2.2)

I,Ek) ~ Bernoulli(zr](f)),

with MX,() > (0 and the I,gk)’s and Z,;’s jointly independent. Let my = n](vl), =

,uﬁ\],) and so forth.

Model (2.2) extends sparse mixture detection by adding a time-dimension, and
there is a similar extension in potential applications. For example, in the detection
of bioweapons use, as introduced in [9], we can assume that there are N observa-
tional units in a geographical region, each accumulating information over time on
bioweapons usage. The bioweapons are in use over a specific but unknown time
period, and only a small fraction of the units are affected. Alternatively in covert
communications detection, only a small fraction of N detectors, each tuned to a
distinct signal spectrum, observes unusual activities during the period in which
communications are taking place. In the detection of genes that are linked to can-
cer, readings of DNA copy numbers are taken from the chromosomes of N cancer
patients, and only a small fraction of the patients exhibits copy number changes at
the gene locations. In Section 4, we shall consider an extension of (2.1) and (2.2)
to signals carrying a noise component.

In the detection of copy number changes, the common practice was to pro-
cess samples one at a time; see Lai et al. [18]. In contrast, Efron and Zhang [11],
Zhang et al. [29] and Jeng et al. [17] proposed procedures that pool across samples
first. Our analysis here shows that the alignment information is important, and we
should indeed pool across samples first. In Appendix C, we provide a compari-
son between pooling information across sample versus pooling information within
sample first.

Consider 7y = N—# for some % < B < 1. Ingster [14, 15] and Donoho and
Jin [9] showed that in the special case T =1 (hence ¢ =1, j; =0, £; = 1), as
N — oo, the critical detectable value of 1y is by (B) := +/2p*(B) log N, where

B—3. iff <p<2,
(1-yT=p)2, ifi<B<lL.

That is, if uy = +/2plog N with p < p*, then no test can detect that uy # 0 in
the sense that the sum of Type I and Type II error probabilities tends to 1 for any
test. Donoho and Jin [9] further showed that Tukey’s higher criticism as well as the
Berk—Jones statistic achieve the detection boundary b%;; that is, if p > p*, then the
sum of Types I and II error probabilities tends to 0. Jager and Wellner [16] showed
that Tukey’s test is a member of a family of goodness-of-fit ¢-divergence tests that
can each achieve the detection boundary.

(2.3) p*(B) =
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When T > 1, we need to deal with the complication of multiple comparisons
over jr and £7, and the question arises of how much harder the detection problem
becomes. The number of disjoint intervals in (0, 7] with common length £7 is
approximately 7/€7. This ratio has to be factored into the computation of the
detection boundary. The main message of Section 2.1 is that the difficulty of the
detection problem is not noticeably affected unless this ratio of sequence length to
signal length grows exponentially with the number N of sequences. Sections 2.2
and 2.3 provide optimal max-type tests that attain the detection boundary.

2.1. Detectability of aligned signals. Let a,, ~ by, if limy,,_, s (ay,/by) =1
and a,, ~ by, if limy,— oo (ay /by) = C for some constant C > 0. Let |-]| be the
greatest integer function and #B the number of elements in a set B. Let Eg(E1)
denote expectation under Ho(H;). We are interested here in the signal length E(I{{)
in (2.2) satisfying

2.4 T/Egc) ~ exp(Nf(k) —1) for some ¢® > 0.

The case of T varying sub-exponentially with N will be considered in Section 4.
We shall show that under (2.4) with N — oo, the asymptotic threshold de-
tectable value of iy when my = N~# and B € (0, 1) is

Jlog(1 + N28-1+4¢), if0<¢<1-48/3,
SV WIT=C-VT=F=P)2logN, if1-4B/3<¢=<1-8,
VNBFE-T, ifc>1-—8.

The first case 0 < ¢ <1 — 48/3 can be further sub-divided into: (a) 0 < ¢ <
1 — 28, under which

(2.6)  by(B,0)~N~U=28=0/2  (decays polynomially with N),
and (b) 1 —28 < ¢ <1 —4p/3, under which

@7 by(B.O)~\J2B—1+)logN  (growsat,/logN rate).

Formula (2.5) specifies the functional form of by as a function of 8. Since
appears in the exponent in (2.6) and in the third case of (2.5), by is specified only
up to multiplicative constants in these cases.

The boundary by is an extension of the Donoho-Ingster—Jin boundary b};. In
the case of a sparse mixture, 7 = £7 = 1, and (2.4) is satisfied with { = 0. By
the second case in (2.5) and by (2.7), by (B, 0) ~ by, (B) when % < B < 1. Fur-
thermore, by (B,0) in (2.6) recovers the detection boundary in the dense case
0<p< % established by Cai, Jeng and Jin [5].

Formula (2.5) likewise recovers the detection boundary for the special case of
only one sequence. For the scaled mean uy in (2.2), this boundary is known to be
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/2log(eT/€7) and is attained by the penalized scan; see, for example, [8]. To see
how this special case is subsumed in the general setting above, set T ~ exp(N — 1)
so that it suffices to consider ¢ € (0, 1) in (2.4) to parametrize the scale of the sig-
nal £7/T € (0, 1). Then set 8 = 0 so that the signal is present in each of the N se-
quences. Since the signals are aligned and have the same means, by sufficiency one
can equivalently consider the one sequence S; of length T obtained by summing
the X,; over n. Dividing by +/N to restore unit variance and formally plugging
B = 01into (2.6) gives a detection threshold for VNuy of “*N¢/2 ~ Jlog(eT/LT).
This yields the above detection threshold for the one sequence problem apart from
the multiplicative constant \/5, which can be recovered with a more refined anal-
ysis in (2.5).

The general formula (2.5) shows how the growth coefficient and the phase tran-
sitions of the /log N growth are altered by the effect of multiple comparisons in
the location of signals. The formula also shows that in the case ¢ > 0, the signal
detection thresholds can grow polynomially with N.

THEOREM 1. Assume that (2.2) and (2.4) hold for 1 < k < q, with ug\l,() =
by (B®, ¢ ®Y and 711(\5) — N—BY—e® for some 0 < B® < 1 and ¢® > 0. Under

these conditions, there is no test that can achieve, at all j;k), 1<k<gq,

(2.8) P(Type I error) + P (Type Il error) — 0.

The simple likelihood ratio of (X,i,...,Xyr), for Hp against (2.2), is
LnZTJ'T (wn, un), where

(2.9) Lygj(m*, ) =1 — 2% + 7w exp(u¥uej — n*/2),

with Yy = 12 sz:f-i-l X,t. The key to proving Theorem 1 (details in Sec-

tion 5) is to show that under the conditions of Theorem 1,

N
(2.10) [ Lnerjr (e, wn) = 0p(T /7).

n=1

That is, the likelihood ratio of the signal does not grow fast enough to overcome
the noise due to the ~7/¢7 independent comparisons of length £7. Theorem 1
follows because the likelihood ratio test is the most powerful test.

2.2. Optimal detection with the penalized higher-criticism test. ~ As an illustra-
tion, first consider sparse mixture detection. That is, let T =1 and test

Q1D X, (1 —an)N©, D)+ ayN@y. 1), 1<n <N,

for Hy: my =0 against Hy: ny > 0 and puy > 0. Let p(1) < --- < p) be the
ordered p-values of the X,,’s.
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Donoho and Jin [9] proposed to separate Hy from H; by applying Tukey’s
higher-criticism test statistic

N _
2.12) HCy := max n/N = pw
1<n<(N/2): pay=N-"1 v/ Py(1 — p@)) /N

They showed that the higher-criticism test is optimal for sparse mixture detec-
tion. Under Hy, HCy ~ /2loglog N; see [9], Theorem 1. Under Hi, the ar-
gument of HCy at some p(,) is asymptotically larger than /2loglog N, when

nny = NP for some % < B < 1, and uy lies above the detection boundary

by (B) = /2p*(B)Iog N. For uy lying below the detection boundary, it is not
possible to separate Hy from Hj. Cai et al. [5] showed that optimality extends to
B €. 7).

We motivate the extension of the higher-criticism test to 7 > 1 by first con-
sidering a fixed, known signal on the interval (j, j + ¢]. By sufficiency, testing
for an aligned signal there is the same as testing Hy against H; for the sample
Yigj, ..., Ynej. Let paye; < -+ < pvye;j be the ordered p-values of the sample,
and let s;7 = log(eT /¢). We define the higher-criticism test statistic on this inter-
val to be

n/N — pmyej

(2.13) HCpyyj = max .
L=n=(N/2): pawyzser /N \/P(n)zj(l — pwyej)/N

For £ =T, the constraint in (2.13) becomes p,) > N —1 which agrees with
the constraint in (2.12). As explained in [9], Section 3, the standardization of p(,)
given in (2.13) has increasingly heavy tails as n becomes smaller, so if HCyy; is
defined without constraints on p(y,), then it has large values frequently due to the
smallest p(,). For £ < T, the multiple comparisons when maximizing HC y¢; over
J necessitates a more restrictive constraint of p(,) > s¢r/N.

The term s,7 appears also in the scan of the higher-criticism test statistic

(2.14) PHCNT = ~max (HCN(j —\/SeT IOgSgT),

(Jj.j+OeBr
as a penalty that increases with 7'/ to counter-balance the generally higher scores
under H for larger T'/¢ when maximizing HCy; over j.

We will now specify the scanning set Br in (2.14). In applications T is of-
ten large, so maximizing HCyg; over all j and £ is computationally expensive;
the cost is NT2. We construct below an approximating set Br, similar to that
in Walther [26] and Rivera and Walther [22], which has a computation cost of
NTlogT.

Construction of Br: Letd, r = LT/(rl/ze’)J + 1, and let

(2.15) By ={(j,j+0 € drL)*:0<j<T -0, T/ <t<T/e '}
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We define By = UZT: 1 Br,7, where rr = [log T |. The specification of d,,r is so
that for any (j7, 1), we can find (j}, £}) € B, for some r such that jr < jJ <
Jr + 45 < jr + €7 and

(2.16) 1— 05 /er =0(r13).

This property plays a part in ensuring that the loss of information due to restriction
to Br is negligible.

THEOREM 2. Assume (2.2) and that for some 1 < k < q, (2.4) holds and
,ug\l,‘) =by(BR), 0, JTI(\;() — N~BY+e® for some 0 < BP <1 —¢® gnd 0 <
e® < B®) Under these conditions, P(Type I error) + P(Type II error) — 0 can
be achieved by testing with PHC yT.

For signal identification, when applying the penalized higher-criticism test
statistics at a threshold c:

(1) Rank the pairs (j, j + £) € Br in order of descending values of HC ¢ —
«/seT log sgr, and remove those pairs with values less than c.

(2) Starting with the highest-ranked pair and moving downward, remove a pair
from the list if its interval overlaps with that of a higher-ranked pair still on the list
by more than a fraction f > 0 of its length.

Jeng et al. [17] focused on the detection of signal segments that are well sepa-
rated. Hence their signal identification procedure is restricted to f = 0. Zhang et
al. [29] focused on both the detection of signal segments that are well separated,
as well as the detection of overlapping or nested signal segments. Hence their pro-
cedure allows for f > 0. If there are a finite number of well-separated signal seg-
ments, then intuitively, all the segments are identified with probability converging
to 1, in the sense that a segment with local maximum score, in a suitably defined
neighborhood of each signal segment, is identified.

2.3. Optimal detection with the penalized Berk—Jones test. Let K(x,t) =
X log(f) + (1 —-x) log(ll_Tf) if x >t and K (x, t) = 0 otherwise. This is the Berk—
Jones [4] test statistic that was first proposed as a more powerful alternative to
the Kolmogorov—Smirnov test statistic for testing a distribution function; see also
Owen [21]. Jager and Wellner [16] showed that there is a class of test statistics that
includes the Berk—Jones and higher-criticism test statistics as special cases that
can be used to detect sparse mixtures (2.11) optimally. Specifically for 7 = 1, the
testing of 7y > 0 and puy > 0in (2.11) can be detected optimally by

(2.17) Bly =N max K®n/N, pm)).
1<n<(N/2): py<n/N

Therefore, analogously to (2.13),

(2.18) Blyyj =N K@®n/N, pmyej)

max
1<n=<(N/2): pmyej<n/N
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can optimally detect aligned signals on the interval (j, j + £]. In Theorem 3 below,
we shall show that analogously to (2.14), the penalized Berk—Jones test statistic

(2.19) PBJy7 := max (BJyg — serlogser)
(. j+O€eBr

is optimal for aligned signals detection when the signal locations are unknown.

THEOREM 3. Assume (2.2) and that for some 1 <k < q, (2.4) holds and
Mg\l,‘) =by(BH, ¢ W)y, rr}(\;‘) = NP+ for some 0 < B® < 1 and 0 < e® <
B®). Under these conditions,

P (Type I error) + P(Type Il error) — 0

can be achieved by testing with PBIyr.

As in Section 2.2, a sequential approach can be used to identify signals when
the penalized Berk—Jones exceeds a specified threshold.

3. Optimal detection with ALR tests. We shall introduce in Section 3.1 an
ALR that is optimal for detecting multi-sample aligned signals. We then consider
the special cases of detecting a sparse mixture (7" = 1 with N — o0) in Section 3.2
and multiscale detection in a single sequence (N = 1 with T — o0) in Section 3.3.

3.1. Detecting multi-sample aligned signals. The ALR builds upon the like-
lihood ratios Ly¢; j; (7w, ;n) as defined in (2.9), first by substituting uy by its
asymptotic threshold detectable value, followed by integrating 7y = N ~# over 8
and finally by summing over an approximating set for £7 and jr. In view of (2.4),
let &o T =logy[log(T/€) + 1], and let

3.1) Lutj(B) = Lue; (NP by (B, Co.nT)):

see (2.5) for the definition of by .
In the case of the ALR, we consider

rrv1 1

6 TE
3.2) ANT ::;;r%—r+1 > /0[]_[ anj(ﬁ)}dﬂ,

Goj+0eBr 0 La=1

where r7 and B, 7 are given in Section 2.2. By (2.15), #B,.7 <re" !,

The weights in (3.2) are chosen for the following reason: Since Ly¢;(B) is a
likelihood ratio for Hy, it has expectation 1 under Hy. Hence it follows from (3.2)
that

PR S 6 o~ 1 _,
(3.3) Eo( NT)—?;’%—VH(#Br,T)SF;r—Z_ .
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From (3.3), it follows that under Hy, Ayt = O,(1) uniformly over N and T.

If the aligned signals under H; are such that Ayt 2 50 as N — 00, then
P (Type L error) + P(Type Il error) — O is achieved by simply selecting rejection
thresholds going to infinity slowly enough.

The ALR (3.2) is, by its construction, optimal when uy = by (8, ¢, nT). Itis
not designed to be optimal at other u. However, there is really no point in being
optimal at smaller py, where the maximum power that can be attained is small.
At larger py, the ALR test has power close to 1, so there is not much more to
be gained in being optimal there. By focusing only on the boundary detectable
values, we remove the noise due to the consideration of unproductive likelihood
ratios associated with too large and too small py.

THEOREM 4. Assume (2.2) and that for some 1 < k < q (2.4) holds and
Mg\];) = by (BP0, nj(\i{) = N—BO+e® for some 0 < B% < 1 and 0 <

e® < BW . Under these conditions, Ayt 2 0. Hence P(Dype I error) +
P (Type Il error) — O can be achieved by testing with ANt .

Among the three optimal tests that we propose here, the ALR is the most in-
tuitive, and the proof of its optimality is also the most straightforward. However,
its computation involves the evaluation of a nonstandard integral, and its form is
closely linked to normal errors. On the other hand, the penalized scans involve no
integrations in their computations, and the p-values in their expressions are not
tied to normal errors.

3.2. Detecting sparse mixtures. This setting has been studied in [9] and dis-
cussed briefly in Section 2. It corresponds to the special case 7 = 1 in the
above theory, and our test statistic Ayr simplifies as follows: 7 = 1 implies
rr =¢ =¢ N7 =0, and Br contains only j =0, ¢ = 1. Hence

6 [l
At ==z [ TL0 = N2+ N explbn (6,0)X, — b} 8, 0)/2}) dp,
0 n=1

where

Jlog(1 + N28-1), ifo<p=<3,
by (5. 0) = { V¥ ) N
(1 —-+1-=p)/2logN, ity <B<l,
is essentially the Cai—Jeng—Jin detection boundary b}, (B) := N /248 for B €

(0, %), and the Donoho-Ingster-Jin detection boundary b}, (8) = +/2p*(B)log N
for B € (%, D).

COROLLARY 1. Assume (2.11) with uy = by(B,0) and my = N~P+¢ for

some 0 < B <1 and 0 < e < B. Under these conditions, A N1 2 o and (2.8) can
be achieved by testing with An1.
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3.3. Signal detection in a single sequence. Let N =1 and m; = 1. The re-
sulting 8 = 0 is not covered by our general theory, but it is a boundary case, and
therefore it is of interest to see whether our general statistic Ayr still allows op-
timal detection in this important special case. For this testing problem in a single
sequence with 7 — oo, it is known that the critical detectable value of w7 is
br(€1), where by (£) = +/21og(eT /), and that the popular scan statistic is subop-
timal except for signals on the smallest scales; see Chan and Walther [8]. It is also
shown there that optimal detection can be achieved by modifying the scan with the
penalty method introduced by Diimbgen and Spokoiny [10], or by employing the
condensed average likelihood ratio.

Note that when analyzing a single sequence we know a priori that 8§ = 0, and
therefore it makes sense to set 8 to 0 in the definition of A y7 rather than integrat-
ing B over (0, 1). The resulting statistic is

6 rrVv1 1
B4 Ar=— Yo 2 explbr(©Yy —b7(0)/2],

3
r ..
r=1 "¢ " (jj+0eB.r

where Yy; = =12 Z{:f_H X1
The test statistic A7 is able to achieve the detection boundary br(£) simply

because it optimizes detection power there:

THEOREM 5. If there exist L7 and jr such that E\(Y¢, ;) = br(Ur) + cr,

with ct — 0o as T — oo, then At 2 o0 and (2.8) can be achieved by testing
with Ar.

3.4. An example. Efron and Zhang [11] applied local f.d.r. to detect CNV
in multi-sample DNA sequences. Measurements from 7" = 42,075 probes were
taken on each chromosome 1 of N =207 glioblastoma subjects from the Cancer
Genome Atlas Project [7]. At each probe on each sequence, the moving averages
of the readings over windows of length £ = 51 were normalized. These normalized
averages correspond to the Y,¢; scores defined just before (2.9). The computed lo-
cal f.d.r. of the scores at each j determined the conclusion of an aligned signal
there. The scientific purpose is to detect rare inherited CNV that may occur in a
small fraction, perhaps 5%, of the population.

Consider, for example, £7 = 51 and mny = 0.05. The solution of T/lr =
exp(N¢ — 1) [see (2.4)] is ¢ = 0.383. The solution of N =0.05is B =0.568.
Since 1 —48/3 < ¢ < 1— B, we are under the second case in (2.5). Based on (2.5),
the signal-to-noise ratio (for a single observation in a variant segment) required for
successful detection in a mixture with 5% variant is then

byn(B, ) /v Eer =0.258.

It is known from earlier studies that the sequence between probes 8800 and
8900 contains two genes that enhance cell death. Copy number losses of these
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FI1G. 1. (Left) Plot of likelihood against marker position. The tallest peak is at marker 8852. (Right)
Plot of likelihood against variant fraction 7wy = N—P at marker 8852.

genes promote unregulated cell growth, leading to tumor. The display in Figure 1
(left) shows that the likelihood at marker j (for a signal on the probe interval
J<t=j+40),

1irN
Lyj = /O [1‘[ Lutj (ﬂ)} dp,
n=1

is maximized at j = 8852. The display in Figure 1 (right) shows that the likelihood
at marker j = 8852 for variant fraction my = N #,

N
Lej(B) =[] Luerj (B,
n=1
is maximized at 8 = 0.61. This translates to an estimated 4% of the population
tested having copy number losses in the probe interval 8852 < ¢ < 8903.

4. Extensions. Cai, Jeng and Jin [5] and Cai and Wu [6] showed that the HC
test is optimal for heteroscedastic and more general mixtures, respectively. Arias-
Castro and Wang [3] analyzed the detection capabilities of distribution-free tests
for null hypotheses that are not fully specified. Jeng, Cai and Li [17] showed that
the HC test statistic is optimal for detecting heteroscedastic aligned sparse signals
when assuming that the signal length is very small and that 7 does not grow rapidly
with N. However, when the aligned signals may range over multiple scales, the
penalty terms introduced in Section 2.2 are critical in ensuring optimality of the
HC test.

Below, we shall show how the detection boundary of Cai et al. [5] looks for
general T'/€r asymptotics, and show that the adaptive optimality of the HC and BJ
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tests extends to heteroscedastic signals when their penalties, as given in Section 2,
are applied. This brings home the point that the penalties are not tied down to a
particular model. Following Jeng et al. [17], we assume in place of (2.1) that

“4.1) Xn=Up+ Zys where Z,; are i.i.d. N(0O, 1).

Under the null hypothesis Hy of no signals, U,; = 0 for all n and ¢. Under the

alternative hypothesis H; of aligned signals, there exists an unknown g > 0 of

disjoint intervals (j{', i 4 %1, 1 < k < ¢, such that for the kth interval,

k . (k) . k
Uy = (Mgv)/\/z(“, ‘L'(k)) if I® =1andse (j{, % + 0%,
4.2)
I,gk) ~ Bernoulli(nl(\f)),

and U,; = 0 otherwise, with y'rl(f) > 0, ,ug\l,‘) > 0 and t® > 0. We shall denote

1Sy by v, €9 by €1 and so forth. Let by (B, £, 7) be such that by (B, £, 0) =
by(B,¢),andfort >0and0<¢ <1 — B, let

bN(IBv;?T)/ 1OgN

. B
0’ f _1_2 - T .

if¢ < ,80r1:>1_c_/8
JA-1)28+¢ - D),

3—1

V20— -2+ )1 —¢ — B),

: : 4p B

1f1—m1n<2,6, ﬁ) <¢andt < m

THEOREM 6. Assume (4.1) and (4.2). If for all 1 < k < g, (2.4) holds and

u%‘) =by(BP, B B, 711(\5‘) = N~BY - for some 0 < B® <1 —¢® and

e® > 0, then there is no test that can achieve, at all j}k), 1<k<gq,

4.3) P(Type I error) + P(Type Il error) — 0.

Conversely, if for some 1 <k < q, (2.4) holds and ,u%{) = bN(,B(k), g("), r(k)),
nl(\f) = N—BO+e® for some 0 < BY <1 —¢® and 0 < e® < X then (4.3)
can be achieved by the penalized HC and BJ tests.

It can be checked that setting ¢® = 0 will recover for us the boundary for
aligned signals in Jeng et al. [17]. Incidentally, they assumed that

(4.4) logT =0o(N€)  forall C >0,

which effectively brings us to the case ¢* = 0. Corollary 2 below extends the
optimality of the HC test in Jeng et al. [17] to multiscale signal lengths, by
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introducing the penalty terms as described in Section 2. In place of (2.4), let
¢\Y = loglog(eT/€)/1og N.

COROLLARY 2. Assume (4.1) and (4.2). Theorem 6 holds under (4.4) with
w =by(BP, ¢, ™) and 0 < p® < 1.

5. Proofs of Theorems 1, 4 and 5. We say that U, £ m i Uy = Op(Viy)
and Vy, = O,(Uy,), and that a,;, > by, if ay, /by, — 00. We start with the proof of
Theorem 1 in Section 5.1, that detection is asymptotically impossible below the
detection boundary by, followed by the proofs of Theorem 4 (in Section 5.2) and
Theorem 5 (in Section 5.3), that the average likelihood ratio test is optimal. These
proofs are consolidated in this section as they are unified by a likelihood ratio
approach. Since the detection problem is easier when ¢ > 1 compared to g = 1,
we may assume without loss of generality that ¢ = 1 under H in all the proofs.

5.1. Proof of Theorem 1. For ¢ = 0 the claim of the theorem reduces to theo-
rems proved by Ingster [15] in the sparse case and by Cai, Jeng and Jin [5] in the
dense case.

Let ¢ > 0, and set it = |T/€r]| — 1,50 i ~exp(N® — 1), set uy =bn(B, )
and iy = NP~¢. Let ¥, = Z;I/Z(Xn,jﬁq + -+ Xy jr4er), and let each Yy,
2 <i <ir, be of the form €;"/*(X, 11+ -+ + Xujrey), with all (j, j + €]
disjoint from each other, and from (jr, j7 + £7]. Let

N
(5.1) Lyi=1+ay[exp(unYni —ux/2)— 1], Li=][] L
n=1

Since (j, j + £r] are disjoint, Ly, ..., L;, are independent. We take note that
L, ..., L;, have identical distributions which are unchanged when we switch
from Hyp to Hj. In contrast, the distribution of L; changes when we switch from
Hy to H;. Consider

lTIX;l

which is the likelihood ratio when jr is equally likely to take one of i7 possible
values spaced at least £7 apart, as explained above. This we assume without loss
of generality.

If we are able to find A such that both

(52) Li=0p(AnN) under H; and
ir

(5.3) P(aN+MAN >y L >aN> -1 forallay € Rand M >0
i=2
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are satisfied, then L is unable to achieve (2.8). If so, then no test is able to
achieve (2.8) because the likelihood ratio test is the most powerful test.

Case 1:0 < ¢ < 1—4p/3, uy = /log(1 + N2=1+6), sty = NP~ with 0 <
& <¢/2.Under Hy, Y11, ..., Yy1 areiid. (1 —wn)N(, 1) + myN(uy, 1). Let

(54 aw=E(L)=[1+ 7112\,(6“%\’ — )]V =exp{[1 + o(H]N¢2).

Hence (5.2) holds.
Leti > 2. Since Y,; ~ N(O, 1),

(5.5) EoLy=1,  Eo(L})=[1+7}( —1)]" =1v.
We check in Appendix A that Lyapunov’s condition holds. Hence

(5.6) ! i(L- —1)=N(,1)

' Von=-Dlir-h oz "
Since /(Ax — 1)(i7 — 1) = exp{[1 +o(D)] (NS 2 + N%)/2} > An, (5.3) follows
from (5.6).

Case2: 1 —4B8/3 <¢ <1 — 8, uny = (x — y)a/2log N where x = /1 —¢,
y=+T—C =B, iy =N"P¢ Let

NO={n:I,=0o0r Y, <x,/2logN},
N'={n:1,=1and ¥, >x,/2log N},

and define, for h =0, 1,

(5.7 Lh'= l_[ L where L1 =1+ mn[exp(unYn1 — w3 /2) — 1].
neN”h

1=

Check that
mo = E1(Ln1|l, =0)=1,
mip = El[l + (Lnl - I)I{Ynlfx /210gN}|In = 1]

= 1+ 7n[e"V D (x,/210g N — 2pun) — D (xy/2l0g N — pn)].

Since y?> — x> =—p and x < 2(x — y) when 1 —48/3 < ¢ <1 — B, it follows that

Ey(LY) = [(1 = wn)mo + mymy]"
<[l +72e"¥d(x\/210g N — 2un)]"

(5.8)

[1+ 0(N2(y2—x2)—28—|—2(x—y)2—(2y—x)2)/ logN]N

:exp[O(Nl_xz_zg)/ log N] = exp[O(N*~%)/,/log N].
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Next we apply max, 1 Yy1 = Op(4/log N) to show that
logL! = 0,((#N")1og N) = 0, (Nmy®(—y,/2log N) log N)

= 0,(N*7¢/log N).

By (5.8), (5.9) and L; = LIL!, (5.2) holds for Ay = exp(N*~*log N).
Leti >2.Let Ly =1+ mylexp(un Yoi — iy /2) — ULy, <. 5iogn) and Li =
,1,\/:1 L,;. We check that

5.9

Eo(Lpi) =1+ my[®(x,/2log N — uy) — ®(x,/2log N)]
=1—[C+oM]NF¢/ /logN,

where C = (2y/7)~!. From this and 1 — 8 — y?> = ¢, we conclude that

(5.10)

(5.11) kn = Eo(L;) = exp{—[C +o(1)]N*¢/,/log N}.

Since Eo(L2;) > [Eo(Ly;)1? for n > 2, it follows that

N
vy = Varg(L;) = l_[ Eo(Lgu-) — Klzv

n=1

(5.12) ~
N ( Eo(L})

m — 1)/{]2\/ ~ Varo(zu)/(lzv,
1i

and by (5.10),
Varg(L 1) = 72 [e"¥ d(x\/2log N — 2u)
—2®(x\/2log N — un) + P(x\/210g N)]

— [Eo(T1i — D]

~CiN*~ 172/ Jlog N,

where C1 = [(2x — 4y)ﬁ]_1. We check that Lyapunov’s condition holds and
conclude that

(5.13)

(5.14) —«N) = N(O, 1).

«/UN(ZT — 1 Z(L

By (5.11)=(5.13), oy (it — 1) > exp{[1 + o(1)] IN¢/2} > Ay, and so (5. 3) holds,
but with L; replaced by L;. The variability of L; is larger than that of L;, and
hence (5.3) for L; holds as well.
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Case3: ¢ >1— B, uyn =vNs—1HB sy = NP2 withO<e <+ B — 1.
Let N = {n:I, =h}, h=0,1, and define L}l’ as in (5.7). Since max,, cy0 Yy1 =
O, (y/log N) =0, (un), it follows that

(5.15) P(LY<1)—1.
We next apply the inequality
log(1 — 7y —i—mve“NY"l_“%V/z) <1+ max(un¥n — ,ujzv/Z — Blog N, 0)
to show that
(5.16) logL% <[14+o,(D|NayE(unYi1 — M?\,/lel =1) L Ne—e.

It follows from (5.15), (5.16) and L; = L?L} that (5.2) holds for Ay =
exp(N¢~¢log N).
Leti>2and I'; ={Y,; > uy forall 1 <n < N'=#/2 4+ 1}. Then

log P(I';) ~ =N'"Pu3% /4 ~ —N*% /2.
Hence i7 ~ exp(N¢ — 1) > [P(I';))]~! and
(5.17) P(#{i :T'; occurs} = ky) = 1 for any ky.
If I'; occurs, then
Li=(1—-ayN(1-ny +JTN€“%V/2)NW/2
(5.18) =exp{[1 +o()][-N""F~¢ + (NP 2)N¢~1HF 2]}
=exp{[1 + o(1)]N/4} > An.
Since typically L; < Xy, we can conclude (5.3) from (5.17) and (5.18).

5.2. Proof of Theorem 4. Let (2.2) and (2.4) hold with uy = by (8, ¢) and
any = NPT, Let (7, j7 + €3) € B.r satisfy (2.16), and note that by (2.4)
and (2.15), r ~ N¢. Hence for ¢ > 0 and N large,

E1(Yugs ji [y = 1) = pny [ €5 /b0 = [1 = O(N /) ]bn (B, ¢)

= bn(n, Sex NT)s B1=n=pB2,

(5.19)

for any (81, B2) lying in the interior of (8 — ¢, ), and this inequality can also be
checked for { = 0. Let

N
(5.20) L) =[] Lues jz ().
n=1

TJT
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Since 3¢t = O(N3¢ exp(N¥)), in view of (3.2) and (5.19), Theorem 4 follows
from

B2
(5.21) N3¢ exp(—NC)/ L(n)dn > .
Bi

To show (5.21), it suffices to check that
(5.22) N3 exp(—=N¢)L() 5 oo,

when E1(Y,ez j2 |1, = 1) = by (1, Loz N7), and iy = N=B+e with B — e < . To
see why (5.22) leads to (5.21), define Cn; = N3 exp(N°%), let M > 0 and let

xn = Leb. meas.{n € [B1, B2]: L() < MCn¢}.

By (5.22), E1 xy — Oandhence Pi{xy < (B2—B1)/2} — L.If xny < (B2—B1)/2,
then C,;é fé’? L(n)dn > M (B2 — B1)/2. Since M > 0 can be chosen arbitrarily
large, (5.21) holds.

To cross-reference the results in the proof of Theorem 1 more easily, we relabel
J7 and €% in (5.20) by j7 and £7, respectively, and rephrase (5.22) as

(5.23) N~ exp(—N¢)L(B) > oo,
when uy = by (B, ¢) and 7y = N~F+e,
Case 1: 0 < ¢ < 1—4B/3, uy = Jlog(1 + N26=146), ;ty = N=+€ with 0 <

e < (1 —=2¢)/2. Under Hy, Y1 = unlip,=1y + Zy1, where Zyy, ..., Zy; are ii.d.
N(0,1). Let Ly1 = 1 + N~ Plexp(un Zn1 — 5 /2) — 11, and

N
(5.24) LY=T] Ln.
n=1

-8 ) B
(5.25) L= H(1+N [exp(unYn1 — uy/2) 1])'

1+ N~—Plexp(unZn1 — u3/2) — 1]

n:l,=1
Since for v > 0,
14+ N-BweMv — 1)

5.26)  f():= NP1

is increasing and f(v) > 1,

it follows that

14+ NF(ev/2 — 1)
14+ N-B(eHv/2 - 1) )

NA—1+E ifo<¢<1-28,
N2, ifc=1-28,
N=BS3IN/2. if1—28 < <1—48/3,
log2, ifc=1—4p/3.

logLi >#{n:I,=1,Yy > ZuN}10g<
(5.27)

p
~Nay®(—un) X
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In the above, we apply the relation log[1 + N7 (e""%\'/2 -]~ N_ﬂ(e"”“gv/2 —1)
for k = 1, 3, with the exception

log[1+ N~P(¥¥/2 —1)]~log2  whent =1—4p/3.

Since ®(—upy) ~ 3 when 0 <¢ <1 —28, d(—uy) = ®(—+/Tog2) when ¢ =

1-28and ®(—upn) ~ e_M%V/z/(pLN\/ZT[) when 1-28 < ¢ <1-48/3,itfollows
from checking each of the cases in (5.27) that

logL} p

5.28 _— 5 0.
(5-28) Né¢te(log N)—!

We shall next obtain lower bounds of log L?. We apply Taylor’s expansion
log(14+u)=u— [% + 0(1)]u? to show that
(5.29) E1(log L) ~ —N"2B(elv —1)/2 = —N*~1)2,
and log(1 + u) ~ u to show that

(5.30) E1(log Ly)? ~ N~ (e — 1) = N¢~ 1,

It follows from (5.29) and (5.30) that log L(l) = qu\’:l log L1 £ —N¢/2. Since
L(B) = L?L%, we can conclude (5.23) from (5.28).

Case 2: 1 —4B/3 < <1— B, uy = (x — y)/2logN where x = /1 —¢,
y=T—C — B, my = N~P*¢_ Define

an =1 +N_/3[6Xp(pLNZn1 — ,uIZV/Z) — I]I{anfx«/m}’

N
~ -
LY=T] L.
n=1

Ay (l—f—N_ﬂ[exp(,uNYnl —uy/D -1k, -, Togm)
pt o1 N+ N7Plexpun Zn — 13y /2) = 1z, <o ooz

logLl > #{n:1,=1,x/2logN < Y, <2x,/2log N}

1+ N~ Plexp(unxy/2TogN — p3%,/2) — 1] )
1+ N-Plexp(unx/2TogN — 3% /2) — 1]

~ Ny ®(—y,/2log N)log2 ~ C(log2)N**¢/,/log N,

where C = (2y/m)~!. Recall that C; = [(2x — 4y) /7]~ L.

(5.31) X log(
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Apply Taylor’s expansion log(1 +u) =u — [% + o(1)]u? to show that
Ei(log Ly)
= NP[®(y,/210og N) — ®(x,/2log N)]

—[1/24 o()]N "2 [e"¥ D((2y — x)y/2log N)
(5.32)
—2®(y\/2logN) + ®(x,/2log N)]

—[1+0M]CNP/ JlogN —[1/2 + o(D]CIN " /\/log N

—[14o(OH](C + C1/2)N*~"/ JlogN,
and log(1 + u) ~ u to show that
(5.33) Ei(logL,1)*~CiN*'/ /logN.
It follows from (5.32) and (5.33) that

N
logL) =" log L L _(c+ /2N JlogN

n=1

if £ >0 and |logz(1)| = 0p(1) if ¢ =0. Since L(B) > Z?Zl, we can con-
clude (5.23) from (5.31).
Case3:¢>1—B, uy = N¢—1+B, 7y = N~P+¢_ The inequality

LB =1 —=NAY [T {1+ NPlexp(untur — u3/2) — 1]}
n:l,=1

leads to
log L(B) > —2N'""P +-[1 + 0, (D|N7n [ty E1(Yn1) — 13 /2 — Blog N]
= —2N'""P 4 [140,()]N*e2 K NE+e 2,

and from this, we can conclude (5.23).

5.3. Proof of Theorem 5. Let
E](YgTjT):bT(ET)-FCT with ¢ — 00,
and let (j7, j; + €7) € B, 7 be such that (2.16) holds. Hence

(5.34)  E\(Yer j2) = [br(8r) +cr] /€5 /tr = [1 = O(r~"/*)][br (1) +c1].

Since br(€%) = \/2log(eT /%) = Jb3(Er) + O(1) = br(fy) + O(1) and

r= 1V 2br(b7) = O(br (L) //Tog(T/l1)) = O(1), it follows from (5.34) that
(5.35) Eq (Yg *) = bT(ﬁ*) + CT with C/T — 00.
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We check that under (5.35),

explbr (65)Yes jx — b7 (£5)/2] 2
[log(T/€5) (T /€3)

Since r3e" ! = O ([log(T /¢7)13(T /€1)), it follows from (3.4) that A7 - co.

6. Proofs of Theorems 2 and 3. We shall prove Theorem 3 in Section 6.1,
that the penalized Berk—Jones test is optimal, and Theorem 2 in Section 6.2, that
the penalized higher criticism test is optimal as well.

6.1. Proof of Theorem 3. In Lemma 1 below, we show that the Type I er-
ror probability of the penalized Berk—Jones test statistic goes to zero for the
threshold 4 :=21log N. We do this in more generality than is required for prov-
ing Theorem 3. For each ¢ and j, we assume only that pyj, ..., py¢; are ii.d.
Uniform(0, 1) random variables under Hy. Hence we allow for X,; to be non-
Gaussian, and for X,,, ..., X, to be dependent random variables under Hy.

LEMMA 1. Assume that for each € and j, pyej <--- < pnyej in (2.18) and
(2.19) are the ordered values of i.i.d. Uniform(0, 1) random variables. Then

(6.1) Py{PBIy7 = hny}— 0 as N — oo.

PROOF. Letay¢=hy+s¢rlogser.Foreachl <€ <Tand1<n<N,letp,
be such that K(%, pe) =ane/N.Let Sy(t) [= SNgj(t)] =N"1 Z,]lv:l I{Ynszz(t)b
where z(¢) denotes the upper z-quantile of the standard normal. By the Chernoff—
Hoeffding inequality,

Po{K(n/N, pey) = ane/N}
(= Po{Sn(pe) = n/N}) < e=Nt = N=2¢=serlogser
and hence by Bonferroni’s inequality,
(6.2) Po{BIn¢j — serlogser = hy) < N™leserlogser,
By (2.15), #B,7 < re'*!. Since £ < T/e' ™! for (j,j + €) € B,.1, 50 se7 =
log(eT/¢) > r, and by (2.19) and (6.2),

o0
(6.3) Po{PBIy7 > hy} < N7') retirloer,

r=1

and (6.1) holds. [

PROOF OF THEOREM 3. Let (j*, j* +£*) [= (jT, j; +£})] € B, 7 be such
that j; < j* < j* 4+ €* < jr + L7 and 1 — £* /47 = O(r—'/?); see (2.16). Since
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ayex = O(N%log N), in view of Lemma 1, it remains for us to show that if uy =
by(B,¢) and Ty = N—P+¢ for ¢ > 0, then we can find 7y such that in each case
below,

K(Sy,tN)

6.4 _—
©4 N¢-llogN

where SN = g}\/g*j*(l]\/).

Case 1(a;: 0 < ¢ < 1— 26, by(B.¢) = \Jlog(1 + N26-1+¢). Let 1y =
D (—2by(B,¢)). Except when ¢ =1 — 28, we have by (B, ) — 0 and

65)  EiSy—ty~ Q@m) " Payby(B, ¢) ~ @m)TANCETDRE

By Taylor’s expansion, K (¢, x) ~ 2(t — x)? when t — % and x — % Moreover,
the standard error of Sy [~ (4N)~1/2] is small relative to (6.5). Hence (6.4) holds
because

(6.6) K(S’N,ZN)QZ(S'N—tN)Zf,ﬂ—INC—HZs.
When ¢ =128, by(8,¢) = +/log2 and
E\Sy —ty ~Cny where C = ®(—2,/log2) — ®(—,/log2).

This leads to (6.6) with 77 ! replaced by 2C 2 and then to (6.4).
Case 1(b): 1 — 28 < ¢ <1 — 4B8/3, by(B,C) = \/log(l + N2B-148)
(~Cy/logN, where C =./28 —1+¢). Letty = ®(—2bn (B, ¢)). Then

6.7) ty ~ (C/87log N) "I N—4—2¢ =D

E\Sy —ty ~ iy ®(—bn (B, 7))

(6.8)
~ (Cy/2log N) "' N728=(=D/2+e

(6.9) Vary Sy ~ N7ty + 7y ®(=bn (B, 0))]-
We claim that a consequence of (6.7)—(6.9) is that

(6.10) \/tNNf_llogN+\/Var1 Sy =0(E1Sy —ty).

By (6.10), \/tyN¢~log N = 0,,(|Sy — tn|) and hence

(Sn —tn)?/Q2ty) p
-
N¢-llogN

(6.11)

By (6.7), the solution in y of yz/(2tN) =ape+/ N satisfies

* [logN\'/2
y,{%\/?) N72P=C=D/2 [=o(ty) because ¢ < 1 —48/3],
v
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where ¢* = ¢ if ¢ # 0 and £* =2/if ¢ = 0. Hence by (6.11) and K (x, 1) ~ 4572,
ast— 0 and 7 — 1, (6.4) holds.

It remains for us to show (6.10). By (6.7), the exponent of N in ViyNS—1is
—2B8 — (¢ —1)/2, which is smaller than the exponentin N of E| Sy —tx; see (6.8).
Therefore,

(6.12) JINNé—llog N = o(E Sy — ty).
The leading exponent of N in Var Sy is
max(—48 —20+1,-28—-(C +1)/2+¢e) [<—4B—( —1)+2¢],

and therefore by (6.8), Var; Sy = o((E1Sy — ty)?). This, together with (6.12),
implies (6.10).

Case2: 1 —3B <¢ <1—B,by(B,¢) = (x — y)y/2Iog N, where x = /T — ¢,
y=4/1—B—¢.Letty = P(—x+/2logN) [~ 2x/7 logN)_lNg_l]. Then

E1Sy ~ (1 —nn)ty + iy ®(—y,/2log N) ~ (2y,/m log N) "I N6 ~1Fe,
which is large relative to 7, and
Vary Sy ~ N~ [®(—x,/2log N) + 7wy ®(—y,/2log N)]
~ 2y, /7 log N)TINS=24 = o((E1 Sn)?).

Therefore Sy £ (2y/Tog N)~!Né~1+¢ and by K (x, 1) ~ xlog¥, as x — 0 and
L — 00
t b

K(SN» IN) £ SN log(S’N/tN) £ C/(log N)I/ZNC—H-E’

for some C’ > 0, and (6.4) therefore holds.
Case3:¢>1—B,by(B,¢) =~vNBH—1 Letty = ®(—by(B,¢)/2). Then

tn 2 (71N’3JF§_1/2)_1/2 exp(—NP*¢=1/8) and Sy Ly =N"Fte,
Therefore Sy /tn £ o and by K(x,t) ~xlog7,as x — 0and T — oo,
K Sy, tn) ~ Sy log(Sy/tn) © NE71H 8,

and (6.4) therefore holds. [

6.2. Proof of Theorem 2. In Lemma 2 below, we show that the Type I er-
ror probability of the penalized higher criticism test statistic goes to zero for the
threshold 4y = 2log N. Again as in Lemma 1, we do this more generally than is
required for proving Theorem 2.
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LEMMA 2. Assume that for each £ and j, payej < --- < pnyej in (2.13) and
(2.14) are the ordered values of i.i.d. Uniform(0, 1) random variables. Then

Py{PHCyT = hy}— 0 as N — oo.
PROOF. We first modify (6.2)—(6.3), in the proof of Lemma 1, step-by-step to
show that for cy¢ :=21log N + s¢r + 3logser,
Po{BJn¢j > cne for some (j, j + £) € Br} — 0.
We then combine this with (B.2) in Appendix B to show that

Po{HCn¢j > (6cne) /% (4 + s Tog )/ for some (j, j + £) € Br)
(6.13)

— 0.
Therefore it suffices to show that
(6.14) (6CNg)1/2(4 + sZTl log N)l/4 < hy + (ser logser)'/? for N large,

uniformly over 1 < ¢ < T. The left-hand side of (6.14) is o(hy) uniformly over
ser <log N, and o((s¢T logsn)l/z) uniformly over sg7 > log N, so (6.14) indeed
holds. [J

PROOF OF THEOREM 2. We apply the proofs for cases 1 and 2 in Theorem 3
to show that there exist (j*, j* +£*) € Br and ty; € [S‘?\}T, %] [t} = tn for case 1
and 1y, = S‘% (~ N%~1) for case 2] such that

Py{K (Snesj (1), 13) = NS T2 > 1.
Hence by \/% > /2K (x, 1) for x > 1t,
Py {PHCNT > V2NSs+e/2 — ,/sg*TlogSg*T} — 1.

Since hy + «/s¢x7 logsgrr = o(v/ N61¢/2), the Type 1I error probability indeed
goes to zero. [

7. Proofs of Theorem 6 and Corollary 2. We prove Theorem 6 here and
in Sections 7.1 and 7.2. In Section 7.3, we prove Corollary 2. Let uy =
by (B, &, T), Y = €5 /2 S0 Xy jpie, and for 2 < i <ir (= [T/er] — 1), let
Y= 6;1/2 Zgil X, jre, with all (j, j + £r] disjoint from each other, and from
(r, jr + 7). Let L; = [1_, Ly, where
_(Yni_,UvN)2 Ynzii|_1}

+_

1
7.1 Ly=1+4+m {7ex[ _—
( ) ni N ,—l-i-‘[ p 2(1+T) 2
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is the likelihood ratio of Y,; ~ (1 — mn)N(0, 1) + ryN(uy,1 + ) and Y,; ~
N(O, 1). Below, we go over the relevant cases to show that there exists Ay satis-
fying (5.2) and (5.3) when 7y = N~#~¢. This implies that there is no test able to
achieve (4.3). We shall only consider 7 > 0 as the case t = 0 has been covered in
Theorem 1.

Case 1:1-28 <t <1— 3L (mt <D, uy =T -0DCB+¢ - DlogN.
Let C = (1 —12)~'/2. By (7.1),

Ey(Ly) = 1473 (Ce'¥/0 — 1) = 14 [C + oDV 1%,

and therefore (5.2) holds with Ay = E1(L1) (= exp{[C +0(1)]N¢~2¢}). Fori > 2,
Yui ~N(@,1), Eo(L;) =1 and Eo(LiZ) = E;(L1) = An. We check Lyapunov’s
conditions to conclude (5.6) and (5.3).

Case 2: 1 —minQ2B, s2) <¢ <1 - B, 1 < % un = (x — y)/2log N
where x = /1 —¢and y=/(I1+17)(1 — ¢ — B). Let

N ={n:I,=00r |V,| < x,/2log N},
N'={n:1,=1and |Y,1| > x,/2log N},

L= 1] L, h=01
neNh
Check that mqg := E1(L,1|1, =0) =1 and

my = Er[1+ (Lot = DIy, j<x y2togmy n = 1]
= 1+[C1 +o(D)]ay N2/ Jlog N

for some C;| > 0, hence

Eq (L(l)) = [(1 — TN )Mo +7TNm1]N
(7.3) ={14[C1 +oW)]7y N 128/ flog N}

= exp{[C1 +o(1)]N*7%¢/,/log N}.

(7.2)

Next, we apply max,,c\1 |Yy1| = Op(y/1og N) to show that
log L] = 0,((#N1)/log N)

= 0,(Nan®(—/2(1 — ¢ — B)log N),/log N) = 0,,(N*~*).

By (7.3),(74)and L| = L?L%, (5.2) holds for Ay =exp(N°€log N). Fori > 2,
let

(7.4)

N
Lni = LNy, <eymiogmy Li=[] L.

n=1
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Then by a change-of-measure argument,

Eo(Lyi) = 1+ n[Pi{|Ya1] <x/2log N} — Po||¥u1| < x,/2log N}]

=1—-[Ca+o()N*17¢/ Jlog N,
where C; = /1 + 7/(2y+/7), therefore

Ky = Eo(L;) = exp{—[C2 4+ o(1)]N ¢/ /log N}.
Moreover, EO(Z,%I.) > [E()(Zm-)]2 for i > 2, and therefore, by (5.12),

Varg(Li) = [1+ 0, ()] Varo(L1:).
By (7.2) and a change-of-measure argument,
Varg(L1;) ~ Eo(L3;) = E1(L11) ~ Ci1N* 7172/ flog N.
We check Lyapunov’s condition to conclude (5.14) and (5.3).
7.1. Optimal detection using the penalized BJ test. By Lemma 1, setting hy =

2log N leads to P(Type I error) — 0. To show P (Type II error) — 0, it suffices to

find (j*, j* +€*) € B, such that jr < j* < j*+€* < jr+4L4r, 1 —L*/lr =
O(r~1/?) and

(7.5) PI{K(Sy,ty) = NS 7110} 1
for some 0 <ty < 1 and 8 > 0, where Sy = N~! Z,Ilvzl I{YM*].*ZZ(,N)} and my =

NP+ 0<e <B.
Case 1(a): 0<¢ <1—28, uy = 0. Let ty = d(—N—%/2). Then

E\Sy —ty = an[®(—=N"2/J/T+ 1) — D(=N"/?)] ~ C3NPTe/2,
L q_-_1 i
where C3 = m(l m), and since
Var; (Sx) = 4N) " = o((E18y — tn)?),
therefore Sy — tn LS C3N—P+¢/2 Since K(t,x) ~2(t — x)? when ¢t — % and
x — %, (7.5) holds for § = &/2.

Case 1(b): 1 =28 <¢ <1 — £ (= v < 1), uy = Csy/TogN, where C4 =
JO=—D@B+C —1).Letty = ®(—2un/(1 — 7). Then

(7.6) tny ~ CsN =263/ 0=12 ) Jio0 N
where Cs = (1 — 1)/(C4~/87), and

_MN«/l-I-—f) B IN:|

ElSN — Iy =7TN|:CD(
1—1

(1.7)
~ CeN—CiU+D/20-DP=p+e s flo0 N
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where Cg = (1 — 7)/(Cy+/27 (1 4 7)).
We claim that

(7.8)  Var Sy (~ N7 [zN n JTNQ>(—MN17 _t”)]) =0((E15n)?).

By (7.6)—~(7.8) and 1ty = 0(E1Sy),

Sy — )2/ Qin) £ C;NCHA=0=26+2¢ ) fi00 N

=C7N~17% ) Jlog N
2

for some C7 > 0. Check that the inequality — (IZ_C;‘)Q >¢ —1reducesto & <1 —

;‘Tﬂr. Therefore by (7.6), ty ~ CsNS 1423/ /Tog N for some & > 0, and the root
of y2/(2ty) = N¢~149 satisfies y = o(ty). Since K (x, y) ~ % as t — 0 and
)t—‘ — 1, (7.9) implies (7.5).

It remains to show (7.8) by comparing the leading exponent in N of the terms.
That is, it remains to show that

(7.9)

2C3 C2(1+1) CI(1+1)
S~ e S ) <y

summarized as —1 + max(A, B) < D. The inequality —1 + A < D reduces to
¢ > —2¢, which holds trivially, whereas —1 + B < D reduces to

3—1 48 2(1 —1)
1_ )
éh<1—|—r( 3—‘C>+ 147 ¢
which holds because ?;—; > 1 when 7 < 1, and it is assumed that £ <1 — %.

Hence (7.8) holds.

Case 2: 1 —minQ2B, 7)) <¢ <1 - B, 1 < % uy = (x — y)/2logN
where x = /1 —¢ and y = /(I +17)(1—¢ — B). Let ty = ®(—x+/2logN)
[~ N5~1/(2x/mTog N)]. Then

EiSy = (1 - nn)iy +7n®(—/2(1 — ¢ — B)log N)

~CgN 1%/ JlogN (> ty),
where Cg = 24/ (1 — ¢ — ,B))*l. Moreover,
Vari Sy ~ E1Sy/N ~ CgN* 2%/ [log N = o((E1Sn)?).

Therefore Sy X CsN¢~1+¢/./log N, and since K (x, ) ~ xlog(¥) as x — 0 and
L — 00
t b

(7.10) Ky, tn) X Sy log(Sy/tn) X CoNE~1¢ Jlog N
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for some Cg > 0, (7.5) holds for § = €. By similar arguments, (7.5) holds for § < ¢
when 1y ~ N¢— 1L,
Case 3: 1 —min(2B,3%) <¢ <1 =B, © > =2, uy = 0. Let 1y =

D(—+/2(1—-¢)logN) [~ Nf_l/(2x«/nlogN)]. Then
2(1 =¢)logN

7.11)  E{Sy ~an®|—
(7.11) 1SN 7TN< T2

)  CyoN-Bre—(1=0)/(1+0)

for some Cig > 0. Since 7 > therefore the exponent of N in (7.11) is

B
1-¢-p°
at least £ — 1 + ¢, and so E{Sy > tny. We apply the first relation in (7.10) to
conclude (7.5), for both 1y = ®(—+/2(1 — ¢)log N) and ty ~ N~ 1.

7.2. Optimal detection using the penalized HC test. By Lemma 2, setting
hy =2log N leads to P(Type I error) — 0. Let

O(-N"*?), if¢ <1-28,
2B—-1+¢ . 48
fy = (D(—Z\/TlogN), if1-28<c<l-o.
. 4
S‘TT (~ N1, if 1 —min(Zﬁ, 3%) <c<1-8.

It was shown in (7.5) that in each case above, Pi{K (Sy, ty) > N¢~119} — 1 for
some & > 0. Since \/% > V2K (x,t) for x >t and hy + /sex7 logsepxr =
o(NC+9/2) " p(Type Il error) — 0.

7.3. Proof of Corollary 2. Consider first the penalized HC test. By Lemma 2,
setting 1y = 2log N leads to P(Type I error) — 0. In the case 7y = N ~#*+¢, the
arguments above and in Theorem 2 show that

Sy —t
Pl{# > J2N3 1og(T/£*)} —1 for some § > 0.
ViIn( —1tn)/N

By (4.4), hy + «/ses7 logse«r = o(v/ N?%), and therefore P (Type Il error) — 0,
and (4.3) holds. By similar arguments, (4.3) holds for the penalized BJ test.

APPENDIX A: VERIFICATION OF LYAPUNOV’S CONDITION

We check in particular Lyapunov’s condition to conclude (5.6). Let § > 0 to be
specified. It follows from Taylor’s expansion that

(A.1) (1+u)* <14 Q+8u+ C*u?, lu| <1/2,
for some C* > 0 chosen large enough. If u > %, then
1 2448
(A2) (1 +u)> < [ sup ( + ”) ]u2+5 — Gu)>*.
v>1/2 v
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By combining (A.1) and (A.2), we conclude that
(A3) A+ uw)’ P <1+ Q+8u+Cu>+Colu*®  forallu>—1/2,

where C, = 3213, We apply (A.3) with u = wy[exp(in Yu2 — % /2) — 11 on (5.1)
to show that

Eo(L3")
a4 * 2 2 2+8 2 N
<[1+ C*pyexp(uy) + Camy exp(uy (1 +8)(2+8)/2)]".

Since UN = \/log(l —+ N2,3—1+C) and TN = N—ﬁ—s’ by (A4),
(A.S) EO(L%'HS) <exp{[l + 0(1)](C*N{_28 + C2N§'—28+K)}’

where k = —§(8 +¢) + #(25 —1+¢). Let § > 0 be small enough such that
k <e.Sinceir — 1 ~exp(N¢ —1)and L; — 1 > —1, we get from (A.5) that
(it — DEo(Li — D> <exp{[1 4+ o(D](N¢ + C2N* %))
On the other hand, Varg(L;) = Ay — 1 and
[ — DO — D] T =exp{[1 4 8/2 + o(D](N® + NE%)},

so Lyapunov’s condition is satisfied.

APPENDIX B: QUADRATIC BOUNDS FOR THE FUNCTION K

For given £, T, N, %I <t < % and 0 < y < < (recall that cy¢ = log N +
ser + 3logser), let x; > t be such that

(x; —z)z] B

B.1) O P

We claim that

(B.2) K, 1)< Qx, 1) < (3\/4+s;T1 logN)K(x,, 0.

The left inequality of (B.2) is known. To obtain the right inequality, first note that

by (B.1),
xr=t(1+y) where y = /2y (1 —1t)/t.

Since %[(1 —X) log(ll%f)] =—1- log(ll%f) > —1 for x > t, therefore
(B.3) K (x;, 1) = x¢log(x /1) — (x; —t) =t[ f(M)],
where f(y) = (1 + y)log(1 4 y) — y. Check that %f(y) = log(1 + y), and that

d? 1
Wf(y) =10
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For y <1, apply (B.1), (B.3) and £(y) > % on 0 < y < 1 to show that
Q) 4y _ 2
K(x;,t) —ty2 11—t

The right inequality of (B.2) holds.
For y > t, apply (B.1), (B.3) and f(y) > y/3 on y > 1 to show that

Q1) 3y _, Y <3\/Z<3 Ne
K, t) — ty 2t(1—1) — t — SeT

The right inequality of (B.2) again holds.

<4,

APPENDIX C: DETECTABILITY OF NONALIGNED SIGNALS

Let X, = tnt + Zpns, where Z,;; are i.i.d. N(O, 1). Assume that there exists 1 <
7 < T such that for the nth sequence, 1 <n < N, there is an unknown interval
(Jut, juT + £7] With probability 7w > 0 of having an elevated mean

Mt_{,uNln/x/«’Z , if jur <t < jur + 471,
=

0, otherwise,
(C.1)

I, ~ Bernoulli(my),

with uy > 0 and the I,,’s and Z,;’s jointly independent. This model is distinct
from (2.2) in that we do not now assume that the signals are aligned.
We claim that if 7y = N~#7¢ for some 0 < 8 <1 and ¢ > 0,

(C.2) T/l ~ N¢ for some ¢ > max(0, 1 —28),

and uy = \/(2 log N)(¢ + l)p*(‘;%’?), then there is no test that can achieve at all
such jur,

(C.3) P (Type I error) 4+ P (Type 1I error) — O.

Note that though uy ~ +/log N, as in the boundary for cases 1(b) and 2 in (2.5),
the growth of T'/£r that is allowed in (C.2) is considerably smaller than that of
2.4).

As in the proof of Theorem 1, set it = [T /¢7] — 1, so that it ~ N¢. Let
Y1 = E;I/Z(Xn,jﬁq + -+ Xp jr+er) and each Y,;, 2 <i <ir be of the form
E;I/Z(Xn,jﬂ + -+ Xy, jyer), with all (j, j + £7] disjoint from each other, and
from (j,7, jar + £7]. Assume without loss of generality each j,r is equally
likely to take one of the ir possible values spaced at least £7 apart, as given
above. Then when & = 0, the detection of (nonaligned) signals satisfying (C.2)
is at least as difficult as detecting a mixture of ~N¢*! normal random variables
{Yyi:1 <i <ir}, with a sparse fraction ~ N~C¢FA) [= (NEH)=E+A/E+D] of
them having mean uy . Therefore by the results in [14, 15], the critical detectable
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N 1S \/(2 log N§+1)p*(§%’?). Hence when ¢ > 0, (C.3) cannot be achieved. Note

L (B

that the assumption ¢ > 1 — 28 in (C.2) implies that ?FT‘;} > 5, SO ,o*(§+1) is
well-defined.
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